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Spinor Structure and Internal Symmetries
V. V. Varlamov∗
Abstract
Spinor structure and internal symmetries are considered within one theoretical framework
based on the generalized spin and abstract Hilbert space. Complex momentum is understood
as a generating kernel of the underlying spinor structure. It is shown that tensor products of
biquaternion algebras are associated with the each irreducible representation of the Lorentz
group. Space-time discrete symmetries P , T and their combination PT are generated by
the fundamental automorphisms of this algebraic background (Clifford algebras). Charge
conjugation C is presented by a pseudoautomorphism of the complex Clifford algebra. This
description of the operation C allows one to distinguish charged and neutral particles includ-
ing particle-antiparticle interchange and truly neutral particles. Spin and charge multiplets,
based on the interlocking representations of the Lorentz group, are introduced. A central
point of the work is a correspondence between Wigner definition of elementary particle as
an irreducible representation of the Poincare´ group and SU(3)-description (quark scheme)
of the particle as a vector of the supermultiplet (irreducible representation of SU(3)). This
correspondence is realized on the ground of a spin-charge Hilbert space. Basic hadron super-
multiplets of SU(3)-theory (baryon octet and two meson octets) are studied in this framework.
It is shown that quark phenomenologies are naturally incorporated into presented scheme.
The relationship between mass and spin is established. The introduced spin-mass formula
and its combination with Gell-Mann–Okubo mass formula allows one to take a new look at
the problem of mass spectrum of elementary particles.
Keywords: spinor structure, internal symmetries, Clifford algebras, quarks, mass spectrum
1 Introduction
One of the most longstanding problem in theoretical physics is the unification of space-time and
internal symmetries. Space-time symmetries (including space inversion P , time reversal T and
their combination PT ), generated by the Poincare´ group, are treated as absolutely exact trans-
formations of space-time continuum. On the other hand, charge conjugation C presents the first
transformation which is not space-time symmetry (but not approximate). This operation closely
relates with a complex conjugation of the Lorentz group representations. In some sense, C can be
treated as an internal symmetry. A wide variety of internal symmetries (which all approximate,
except the color) we have from the quark phenomenology based on the SU(N)-theories. The first
quark model, including light u, d and s quarks, is constructed within SU(3)-theory. As a rule,
particles (qqq-baryons and qq-mesons), which unified into supermultiplets of SU(3) group, have
different masses. For that reason flavor SU(3)-theory is an approximate symmetry. The addition
of the c quark (charm) to the light u, d, s quarks extends the flavor SU(3)-symmetry to SU(4).
Due to the large mass of the c quark, SU(4)-symmetry is much more strongly broken than the
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SU(3) of the three light quarks. The addition of the b quark (bottom) extends the quark model to
SU(5) with a very approximate symmetry. It is obvious that the next step in extending the flavor
symmetry to SU(6) is senseless, since the existence of baryons with a t quark (top) is very unlikely
due to the short lifetime of the top-quark. However, there is an idea (which takes its origin from
sixties) to consider exact space-time transformations and approximate internal symmetries within
one theoretical framework.
As is known, elementary particles can be grouped into multiplets corresponding to irreducible
representations of so-called algebras of internal symmetries (for example, multiplets of the isospin
algebra su(2) or multiplets of the algebra su(3)). Particles from the fixed multiplet have the same
parity and the same spin, but they can be distinguished by the masses. Thus, an algebra of the
most general symmetry cannot be defined as a direct sum P ⊕ S of two ideals, where P is the
Poincare´ algebra and S is the algebra of internal symmetry, since in contrary case all the particle
masses of the multiplet should be coincide with each other. One possible way to avoid this obstacle
is the searching of a more large algebra L that contains P and S as subalgebras in such way that
if only one generator from S commutes with P . In this case a mass operator pµp
µ is not invariant
of the large algebra L. Hence it follows that a Cartan subalgebra H should be commute with
P , since eigenvalues of the basis elements Hi of H ∈ S are used for definition of the states in
multiplets (hypercharge, I3-projection of the isospin and so on). All these quantum numbers are
invariant under action of the Poincare´ group P. Therefore, if L is the Lie algebra spanned on the
basis elements of the Poincare´ algebra P and on the basis elements of the semisimple algebra S,
then L can be defined as a direct sum of two ideals, L = P ⊕S, only in the case when [P,H ] = 0,
where H is the Cartan subalgebra of S. When the algebra of internal symmetry is an arbitrary
compact algebra K (for example, su(2), su(3), . . ., su(n), . . .) we have the following direct sum:
K = N ⊕ S = N ⊕ S1 ⊕ S2 ⊕ . . .⊕ Sn, where N is a center of the algebra K, S is a semisimple
algebra, and Si are simple algebras (see [1]). In this case the large algebra L can be defined also
as a direct sum of two ideals, L = P ⊕K, when [P,C] = 0, where C is a maximal commutative
subalgebra in K. Restrictions [P,H ] = 0 and [P,C] = 0 on the algebraic level induce restrictions
on the group level. So, if G is an arbitrary Lie group, and S (group of internal symmetry) and
P = T4 ⊙ SL(2,C) (Poincare´ group) are the subalgebras of G such that any g ∈ G has an unique
decomposition in the product g = sp, s ∈ S, p ∈ P, and if there exists one element g ∈ P,
g 6∈ T4, such that s
−1gs ∈ P for all s ∈ S, then G = P ⊗ S [2]. The restrictions L = P ⊕ S
(algebraic level) and G = P⊗S (group level) on unification of space-time and internal symmetries
were formulated in sixties in the form of so-called no-go theorems. One of the most known no-go
theorem is a Coleman-Mandula theorem [3]. The group G is understood in [3] as a symmetry group
of S matrix. The Coleman-Mandula theorem asserts that G is necessarily locally isomorphic to
the direct product of an internal symmetry group and the Poincare´ group, and this theorem is not
true if the local isomorphism (G ≃ P ⊗ S) is replaced by a global isomorphism. In 1966, Pais [4]
wrote: ”Are there any alternatives left to the internal symmetry⊗Poincare´ group picture in the
face of the no-go theorems?”.
All the no-go theorems suppose that space-time continuum is a fundamental level of reality.
However, in accordance with Penrose twistor programme [5, 6], space-time continuum is a deriva-
tive construction with respect to underlying spinor structure. Spinor structure contains in itself
pre-images of all basic properties of classical space-time, such as dimension, signature, metrics
and many other. In parallel with twistor approach, decoherence theory [7] claims that in the
background of reality we have a nonlocal quantum substrate (quantum domain), and all visible
world (classical domain) arises from quantum domain in the result of decoherence process [8, 9].
In this context space-time should be replaced by the spinor structure (with the aim to avoid re-
strictions of the no-go theorems), and all the problem of unification of space-time and internal
symmetries should be transferred to a much more deep level of the quantum domain (underlying
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spinor structure).
This article presents one possible way towards a unification of spinor structure and internal
symmetries. At first, according to Wigner [10] an elementary particle is defined by an irreducible
unitary representation of the Poincare´ group P. On the other hand, in accordance with SU(3)-
theory (and also flavor-spin SU(6)-theory) an elementary particle is described by a vector of
irreducible representation of the group SU(3) (SU(6), . . ., SU(N), . . .). For example, in a so-called
‘eightfold way’ [11] hadrons (baryons and mesons) are grouped within eight-dimensional regular
representation Sym0(1,1) of SU(3). With the aim to make a bridge between these interpretations
(between representations of P and vectors of Sym0(1,1), Sym
0
(1,4), . . .) we introduce a spin-charge
Hilbert space HS ⊗HQ ⊗H∞, where the each vector of this space presents an irreducible repre-
sentation of the group SL(2,C). At this point, charge characteristics of the particles are described
by a pseudoautomorphism of the spinor structure. An action of the pseudoautomorphism allows
one to distinguish charged and neutral particles within separated charge multiplets. On the other
hand, spin characteristics of the particles are described via a generalized notion of the spin based
on the spinor structure and irreducible representations of the group SL(2,C). The usual definition
of the spin is arrived at the restriction of SL(2,C) to the subgroup SU(2). This construction allows
us to define an action and representations of internal symmetry groups SU(2), SU(3), . . . in the
space HS ⊗ HQ ⊗ H∞ by means of a central extension. In this context the SU(3)-theory is con-
sidered in detail. The fermionic and bosonic octets, which compound the eightfold way of SU(3),
and also their SU(3)/ SU(2)-reductions into isotopic multiplets are reformulated without usage of
the quark scheme. It is well known that the quark model does not explain a mass spectrum of
elementary particles. The Gell-Mann–Okubo mass formula explains only mass splitting within
supermultiplets of the SU(3)-theory, namely, hypercharge mass splitting within supermultiplets
and charge splitting within isotopic multiplets belonging to a given supermultiplet. The analogous
situation takes place in the case of Be´g-Singh mass formula of the flavor-spin SU(6)-theory. On
the other hand, in nature we see a wide variety of baryon octets (see, for example, Particle Data
Group: pdg.lbl.gov), where mass distances between these octets are not explained by the quark
model. Hence it follows that mass spectrum of elementary particles should be described by a such
parameter that defines relation between mass and spin. With this aim in view we introduce a
relation between mass and spin in the section 2. It is shown that for representations (l, l˙) of the
Lorentz group the mass is proportional to (l + 1/2)(l˙ + 1/2), and particles with the same spin
but distinct masses are described by different representations of Lorentz group. The introduced
mass formula defines basic mass terms, and detailed mass spectrum is accomplished by charge and
hypercharge mass splitting via the Gell-Mann–Okubo mass formula (like Zeeman effect in atomic
spectra).
2 Complex momentum
A universal covering of the proper orthochronous Lorentz group SO0(1, 3) (rotation group of the
Minkowski space-time R1,3) is the spinor group
Spin+(1, 3) ≃
{(
α β
γ δ
)
∈ C2 : det
(
α β
γ δ
)
= 1
}
= SL(2,C).
Let g → Tg be an arbitrary linear representation of the proper orthochronous Lorentz group
SO0(1, 3) and let Ai(t) = Tai(t) be an infinitesimal operator corresponding to the rotation ai(t) ∈
SO0(1, 3). Analogously, let Bi(t) = Tbi(t), where bi(t) ∈ G+ is the hyperbolic rotation. The
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elements Ai and Bi form a basis of Lie algebra sl(2,C) and satisfy the relations
[A1,A2] = A3, [A2,A3] = A1, [A3,A1] = A2,
[B1,B2] = −A3, [B2,B3] = −A1, [B3,B1] = −A2,
[A1,B1] = 0, [A2,B2] = 0, [A3,B3] = 0,
[A1,B2] = B3, [A1,B3] = −B2,
[A2,B3] = B1, [A2,B1] = −B3,
[A3,B1] = B2, [A3,B2] = −B1.


(1)
Let us consider the operators
Xl =
1
2
i(Al + iBl), Yl =
1
2
i(Al − iBl), (2)
(l = 1, 2, 3).
Using the relations (1), we find that
[Xk,Xl] = iεklmXm, [Yl,Ym] = iεlmnYn, [Xl,Ym] = 0. (3)
Further, introducing generators of the form
X+ = X1 + iX2, X− = X1 − iX2,
Y+ = Y1 + iY2, Y− = Y1 − iY2,
}
(4)
we see that
[X3,X+] = X+, [X3,X−] = −X−, [X+,X−] = 2X3,
[Y3,Y+] = Y+, [Y3,Y−] = −Y−, [Y+,Y−] = 2Y3.
In virtue of commutativity of the relations (3) a space of an irreducible finite-dimensional repre-
sentation of the group SL(2,C) can be spanned on the totality of (2l + 1)(2l˙ + 1) basis vectors
| l, m; l˙, m˙〉, where l, m, l˙, m˙ are integer or half-integer numbers, −l ≤ m ≤ l, −l˙ ≤ m˙ ≤ l˙.
Therefore,
X− | l, m; l˙, m˙〉 =
√
(l +m)(l −m+ 1) | l, m− 1, l˙, m˙〉 (m > −l),
X+ | l, m; l˙, m˙〉 =
√
(l −m)(l +m+ 1) | l, m+ 1; l˙, m˙〉 (m < l),
X3 | l, m; l˙, m˙〉 = m | l, m; l˙, m˙〉,
Y− | l, m; l˙, m˙〉 =
√
(l˙ + m˙)(l˙ − m˙+ 1) | l, m; l˙, m˙− 1〉 (m˙ > −l˙),
Y+ | l, m; l˙, m˙〉 =
√
(l˙ − m˙)(l˙ + m˙+ 1) | l, m; l˙, m˙+ 1〉 (m˙ < l˙),
Y3 | l, m; l˙, m˙〉 = m˙ | l, m; l˙, m˙〉. (5)
From the relations (3) it follows that each of the sets of infinitesimal operators X and Y generates
the group SU(2) and these two groups commute with each other. Thus, from the relations (3) and
(5) it follows that the group SL(2,C), in essence, is equivalent locally to the group SU(2)⊗SU(2).
2.1 Representations of SL(2,C)
As is known [12], finite-dimensional (spinor) representations of the group SO0(1, 3) in the space
of symmetrical polynomials Sym(k,r) have the following form:
Tgq(ξ, ξ) = (γξ + δ)
l0+l1−1(γξ + δ)
l0−l1+1
q
(
αξ + β
γξ + δ
;
αξ + β
γξ + δ
)
, (6)
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where k = l0+ l1− 1, r = l0− l1 +1, and the pair (l0, l1) defines some representation of the group
SO0(1, 3) in the Gel’fand-Naimark basis. The relation between the numbers l0, l1 and the number
l (the weight of representation in the basis (5)) is given by the following formula:
(l0, l1) = (l, l + 1) .
Whence it immediately follows that
l =
l0 + l1 − 1
2
. (7)
As is known [12], if an irreducible representation of the proper Lorentz group SO0(1, 3) is defined
by the pair (l0, l1), then a conjugated representation is also irreducible and is defined by a pair
±(l0,−l1). Therefore,
(l0, l1) =
(
−l˙, l˙ + 1
)
.
Thus,
l˙ =
l0 − l1 + 1
2
. (8)
Let
S = sα1α2...αkα˙1α˙2...α˙r =
∑
sα1 ⊗ sα2 ⊗ · · · ⊗ sαk ⊗ sα˙1 ⊗ sα˙2 ⊗ · · · ⊗ sα˙r
be a spintensor polynomial, then any pair of substitutions
α =
(
1 2 . . . k
α1 α2 . . . αk
)
, β =
(
1 2 . . . r
α˙1 α˙2 . . . α˙r
)
defines a transformation (α, β) mapping S to the following polynomial:
PαβS = s
α(α1)α(α2)...α(αk)β(α˙1)β(α˙2)...β(α˙r).
The spintensor S is called a symmetric spintensor if at any α, β the equality
PαβS = S
holds. The space Sym(k,r) of symmetric spintensors has the dimensionality
dimSym(k,r) = (k + 1)(r + 1). (9)
The dimensionality of Sym(k,r) is called a degree of the representation τ ll˙ of the group SL(2,C).
It is easy to see that SL(2,C) has representations of any degree.
For the each A ∈ SL(2,C) we define a linear transformation of the spintensor s via the formula
sα1α2...αkα˙1α˙2...α˙r −→
∑
(β)(β˙)
Aα1β1Aα2β2 · · ·AαkβkA
α˙1β˙1
A
α˙2β˙2
· · ·A
α˙r β˙r
sβ1β2...βkβ˙1β˙2...β˙r ,
where the symbols (β) and
(
β˙
)
mean β1, β2, . . ., βk and β˙1, β˙2, . . ., β˙r. This representation
of SL(2,C) we denote as τ k
2
, r
2
= τ ll˙. The each irreducible finite dimensional representation of
SL(2,C) is equivalent to one from τ k/2,r/2.
When the matrices A are unitary and unimodular we come to the subgroup SU(2) of SL(2,C).
Irreducible representations of SU(2) are equivalent to one from the mappings A→ τ k/2,0(A) with
A ∈ SU(2), they are denoted as τ k/2. The representation of SU(2), obtained at the contraction
A→ τ k/2,r/2(A) onto A ∈ SU(2), is not irreducible. In fact, it is a direct product of τ k/2 by τ r/2,
therefore, in virtue of the Clebsh-Gordan decomposition we have here a sum of representations
τ k+r
2
, τ k+r
2
−1, . . . , τ | k−r2 |
.
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2.1.1 Definition of the spin
We claim that any irreducible finite dimensional representation τ ll˙ of the group SL(2,C) cor-
responds to a particle of the spin s, where s = |l − l˙| (see also [13]). All the values of s
are
−s, −s+ 1, −s + 2, . . . , s
or
− |l − l˙|, −|l − l˙|+ 1, −|l − l˙|+ 2, . . . , |l − l˙|. (10)
Here the numbers l and l˙ are
l =
k
2
, l˙ =
r
2
,
where k and r are factor quantities in the tensor product
C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
k times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
r times
(11)
associated with the representation τ k/2,r/2 of SL(2,C), where C2 and complex conjugate
∗
C2 are
biquaternion algebras. In turn, a spinspace S2k+r , associated with the tensor product (11), is
S2 ⊗ S2 ⊗ · · · ⊗ S2︸ ︷︷ ︸
k times
⊗
S˙2 ⊗ S˙2 ⊗ · · · ⊗ S˙2︸ ︷︷ ︸
r times
. (12)
Usual definition of the spin we obtain at the restriction τ ll˙ → τ l,0 (or τ ll˙ → τ 0,l˙), that is, at
the restriction of SL(2,C) to its subgroup SU(2). In this case the sequence of spin values (10) is
reduced to −l, −l + 1, −l + 2, . . ., l (or −l˙, −l˙ + 1, −l˙ + 2, . . ., l˙).
The products (11) and (12) define an algebraic (spinor) structure associated with the rep-
resentation τ k/2,r/2 of the group SL(2,C). Usually, spinor structures are understood as double
(universal) coverings of the orthogonal groups SO(p, q). For that reason it seems that the spinor
structure presents itself a derivative construction. However, in accordance with Penrose twistor
programme [14, 15] the spinor (twistor) structure presents a more fundamental level of reality
rather then a space-time continuum. Moreover, the space-time continuum is generated by the
twistor structure. This is a natural consequence of the well known fact of the van der Waerden
2-spinor formalism [16], in which any vector of the Minkowski space-time can be constructed via
the pair of mutually conjugated 2-spinors. For that reason it is more adequate to consider spinors
as the underlying structure1.
Further, representations τ s1,s2 and τ s′1,s′2 are called interlocking irreducible representations of
the Lorentz group , that is, such representations that s′1 = s1 ±
1
2
, s′2 = s2 ±
1
2
[20, 21]. The two
most full schemes of the interlocking irreducible representations of the Lorentz group (Bhabha-
Gel’fand-Yaglom chains) for integer and half-integer spins are shown on the Fig. 1 and Fig. 2.
Wave equations for the fields of type (l, 0) ⊕ (0, l˙) and their solutions in the form of series in
hyperspherical functions were given in [23]-[27]. It should be noted that (l, 0) ⊕ (0, l˙) type wave
equations correspond to the usual definition of the spin. In turn, wave equations for the fields of
type (l, l˙) ⊕ (l˙, l) (arbitrary spin chains) and their solutions in the form of series in generalized
hyperspherical functions were studied in [28]. Wave equations for arbitrary spin chains correspond
to the generalized spin s = |l − l˙|.
1We choose Spin+(1, 3) as a generating kernel of the underlying spinor structure. However, the group
Spin+(2, 4) ≃ SU(2, 2) (a universal covering of the conformal group SO0(2, 4)) can be chosen as such a kernel.
The choice Spin+(2, 4) ≃ SU(2, 2) takes place in the Penrose twistor programme [15] and also in the Paneitz-Segal
approach [17, 18, 19].
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Fig. 1: Interlocking representation scheme for the fields of integer spin (Bose-scheme), s = 0, 1, 2, 3, . . ..
Let us consider in detail several interlocking representations (spin lines) shown on the Fig. 1
and Fig. 2. First of all, a central row (line of spin-0) in the scheme shown on the Fig. 1,
(0, 0)
(
1
2
,
1
2
)
(1, 1)
(
3
2
,
3
2
)
(2, 2) · · ·
(s
2
,
s
2
)
· · · (13)
induces a sequence of algebras
C0 −→ C2 ⊗
∗
C2 −→ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 −→ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ . . . −→
−→ C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
s times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
s times
−→ . . .
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Fig. 2: Interlocking representation scheme for the fields of half-integer spin (Fermi-scheme),
s = 12 ,
3
2 ,
5
2 , . . ..
Or,
C0 −→ C4 −→ C8 −→ C12 −→ C16 −→ . . . −→ C4s −→ . . .
With the spin-0 line we have a sequence of associated spinspaces
S1 −→ S4 −→ S16 −→ S64 −→ S256 −→ . . . −→ S22s −→ . . .
and also a sequence of symmetric spaces (spaces of symmetric spintensors)
Sym(0,0) −→ Sym(1,1) −→ Sym(2,2) −→ Sym(3,3) −→ Sym(4,4) −→ . . . −→ Sym(s,s) −→ . . .
Dimensionalities of Sym(s,s) (degrees of representations of Spin+(1, 3) on the spin-0 line) form a
sequence
1 −→ 4 −→ 9 −→ 16 −→ 25 −→ . . .
On the spin-0 line (the first bosonic line) we have scalar (with positive parity P 2 = 1) and
pseudoscalar (P 2 = −1) particles. Among these scalars and pseudoscalars there are particles
with positive and negative charges, and also there are neutral (or truly neutral) particles. For
example, the Fig. 3 shows eight pseudoscalar mesons of the spin 0, which form the octet B0 (eight-
dimensional regular representation of the group SU(3)). All the particles of B0 belong to spin-0
line.
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❆
❆
❆
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•
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✁
✁
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•
ds
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❆
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• ud
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✁
✁
✁
•
π0
dduu
•
η
ss
✻
Strangeness Mass (MeV)
496
138 π
549 η
496
-1
-0
--1
Fig. 3: Octet B0 of pseudoscalar mesons with as-
sociated quark structure according to SU(3)-theory.
(K−,K+), (K0,K
0
) and (π−, π+) are pairs of particles
and antiparticles with respect to each other.
Further, the spin-1/2 line, shown on the Fig. 2,
(
1
2
, 0
)
−→
(
1,
1
2
)
−→
(
3
2
, 1
)
−→
(
2,
3
2
)
−→
−→
(
5
2
, 2
)
−→ · · · −→
(
2s+ 1
4
,
2s− 1
4
)
−→ · · · (14)
induces a sequence of algebras
C2 −→ C2⊗C2
⊗ ∗
C2 −→ C2⊗C2⊗C2
⊗ ∗
C2⊗
∗
C2 −→ C2⊗C2⊗C2⊗C2
⊗ ∗
C2⊗
∗
C2⊗
∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ . . . −→
−→ C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
(2s+1)/2 times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
(2s−1)/2 times
−→ . . .
Or,
C2 −→ C6 −→ C10 −→ C14 −→ C18 −→ . . . −→ C4s −→ . . .
With the spin-1/2 line we have a sequence of associated spinspaces
S2 −→ S8 −→ S32 −→ S128 −→ S512 −→ . . . −→ S22s −→ . . .
and also a sequence of symmetric representation spaces
Sym(1,0) −→ Sym(2,1) −→ Sym(3,2) −→
−→ Sym(4,3) −→ Sym(5,4) −→ . . . −→ Sym( 2s+12 ,
2s−1
2 )
−→ . . .
with dimensions
2 −→ 6 −→ 12 −→ 20 −→ 30 −→ . . .
9
On the spin-1/2 line (the first fermionic line) we have all known particles of the spin 1/2 including
leptons (neutrino, electron, muon, τ -lepton, . . .) and baryons. Among leptons and baryons there
are particles with positive and negative charges, and also there are neutral particles. On the Fig. 4
we have the well-known supermultiplet of SU(3)-theory containing baryons of the spin 1/2 with
positive parity (P 2 = 1), where a nucleon doublet (n, p) is the basic building block of the all stable
matter.
•
n
ddu
•
uud
p
❆
❆
❆
❆
•
Σ+
uus
✁
✁
✁
✁
•
ssu
Ξ0
•
ssd
Ξ−
❆
❆
❆
❆
• dds
Σ−✁
✁
✁
✁
•
Σ0
uds
•
Λ
uds
✻
Strangeness Mass (MeV)
939
❄
1192 Σ
1115 Λ
❄
1318
-0
--1
--2
Fig. 4: Octet F1/2 of baryons with associated quark
structure according to SU(3)-theory.
The dual spin-1/2 line(
0,
1
2
)
−→
(
1
2
, 1
)
−→
(
1,
3
2
)
−→
(
3
2
, 2
)
−→
−→
(
2,
5
2
)
−→ · · · −→
(
2s− 1
4
,
2s+ 1
4
)
−→ · · ·
induces a sequence of algebras
∗
C2 −→ C2
⊗ ∗
C2⊗
∗
C2 −→ C2⊗C2
⊗ ∗
C2⊗
∗
C2⊗
∗
C2 −→ C2⊗C2⊗C2
⊗ ∗
C2⊗
∗
C2⊗
∗
C2⊗
∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ . . . −→
−→ C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
(2s−1)/2 times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
(2s+1)/2 times
−→ . . .
For the dual spin-1/2 line we have symmetric spaces
Sym(0,1) −→ Sym(1,2) −→ Sym(2,3) −→
−→ Sym(3,4) −→ Sym(4,5) −→ . . . −→ Sym( 2s−12 ,
2s+1
2 )
−→ . . .
with the same dimensions and spinspaces.
Further, with the spin-1 line (Fig. 1)
(1, 0) −→
(
3
2
,
1
2
)
−→ (2, 1) −→
(
5
2
,
3
2
)
−→
−→ (3, 2) −→ · · · −→
(
s+ 1
2
,
s− 1
2
)
−→ · · · (15)
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we have the underlying spinor structure generated by the following sequence of algebras:
C2 ⊗ C2 −→ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 −→ C2 ⊗ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ . . . −→
−→ C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
s+1 times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
s−1 times
−→ . . .
Or,
C4 −→ C8 −→ C12 −→ C16 −→ C20 −→ . . . −→ C4s −→ . . .
With the spin-1 line we have also the following sequence of associated spinspaces
S4 −→ S16 −→ S64 −→ S256 −→ S1024 −→ . . . −→ S22s −→ . . .
In this case symmetric spaces
Sym(2,0) −→ Sym(3,1) −→ Sym(4,2) −→
−→ Sym(5,3) −→ Sym(6,4) −→ . . . −→ Sym(s+1,s−1) −→ . . .
have dimensions
3 −→ 8 −→ 15 −→ 24 −→ 35 −→ . . .
On the spin-1 line we have vector bosons with positive (P 2 = 1) or negative (P 2 = −1) parity.
Among these bosons there are particles with positive and negative charges, and also there are
neutral (or truly neutral) particles. For example, the Fig. 5 shows the octet B1 of vector mesons
with negative parity. It is interesting to note that a quark structure of B1 coincides with the quark
structure of the octet B0 for pseudoscalar mesons.
•
∗K0
sd
•
su
∗K+
❆
❆
❆
❆
•
ρ+
du
✁
✁
✁
✁
•
ds
∗K
0•
us
∗K−
❆
❆
❆
❆
• udρ
−✁
✁
✁
✁
•
ρ0
dduu
•
ϕ
ss
✻
Strangeness Mass (MeV)
891
763 ρ
782 ϕ
891
-1
-0
--1
Fig. 5: Octet B1 of vector mesons with associated quark
structure according to SU(3)-theory. (∗K−, ∗K+),
(∗K0, ∗K
0
) and (ρ−, ρ+) are pairs of particles and an-
tiparticles with respect to each other.
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In turn, the dual spin-1 line
(0, 1) −→
(
1
2
,
3
2
)
−→ (1, 2) −→
(
3
2
,
5
2
)
−→
−→ (2, 3) −→ · · · −→
(
s− 1
2
,
s+ 1
2
)
−→ · · ·
induces the following sequence of algebras
∗
C2 ⊗
∗
C2 −→ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→
−→ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→
−→ C2 ⊗ C2 ⊗ C2 ⊗ C2
⊗ ∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 ⊗
∗
C2 −→ . . . −→
−→ C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
s−1 times
⊗ ∗
C2 ⊗
∗
C2 ⊗ · · · ⊗
∗
C2︸ ︷︷ ︸
s+1 times
−→ . . .
For the dual spin-1 line we have symmetric spaces
Sym(0,2) −→ Sym(1,3) −→ Sym(2,4) −→
−→ Sym(3,5) −→ Sym(4,6) −→ . . . −→ Sym(s−1,s+1) −→ . . .
with the same dimensions and spinspaces.
The Fig. 1 (Bose-scheme) and Fig. 2 (Fermi-scheme) can be unified into one interlocking scheme
shown on the Fig. 6.
5
2
( 5
2
,0)
•
2 (2,0)•
. . .
3
2
( 3
2
,0)
•
(2, 1
2
)
•
1 (1,0)•
( 3
2
, 1
2
)
•
. . .
1
2
( 1
2
,0)
•
(1, 1
2
)
•
( 3
2
,1)
•
0 (0,0)•
( 1
2
, 1
2
)
•
(1,1)
•
. . .
−1
2
(0, 1
2
)
•
( 1
2
,1)
•
(1, 3
2
)
•
−1 (0,1)•
( 1
2
, 3
2
)
•
. . .
−3
2
(0, 3
2
)
•
( 1
2
,2)
•
−2 (0,2)•
. . .
−5
2
(0, 5
2
)
•
w
s
Fig. 6: Interlocking representations of the fields of any spin, s = 0, 12 , 1,
3
2 , . . ..
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2.2 Relativistic wave equations
In 1945, Bhabha [20] introduced relativistic wave equations
iΓµ
∂ψ
∂xµ
+mψ = 0, µ = 0, 1, 2, 3 (16)
that describe systems with many masses and spins2.
With the aim to obtain a relation between mass and spin we will find a solution of the equation
(16) in the form of plane wave
ψ(x0, x1, x2, x3) = ψ(p0, p1, p2, p3)e
i(−p0x0+p1x1+p2x2+p3x3). (17)
Substituting the plane wave (17) into (16), we obtain
(Γ0p0 − Γ1p1 − Γ2p2 − Γ3p3)ψ(p) +mψ(p) = 0. (18)
Denoting Γ0p0 − Γ1p1 − Γ2p2 − Γ3p3 via Γ(p), we see from (18) that ψ(p) is an eigenvector of the
matrix Γ(p) with the eigenvalue −m:
Γ(p)ψ(p) = −mψ(p). (19)
Let us show that a non-null solution ψ(p) of this equation exists only for the vectors p(p0, p1, p2, p3)
for which the relation
p20 − p
2
1 − p
2
2 − p
2
3 = m
2
i
holds, where mi = µ
0λi, and λi are real eigenvalues of the matrix Γ0, µ
0 is a constant.
We assume that the equation (16) is finite dimensional. In this case the equation (19) admits a
non-null solution for such and only such vectors p for which a determinant of the matrix Γ(p)+mE
is equal to zero. Obviously, det (Γ(p) +mE) is a polynomial on variables p0, p1, p2, p3. Denoting
it via D(p0, p1, p2, p3) = D(p), we see that the polynomial D(p) is constant along the surfaces of
transitivity of the Lorentz group, that is, D(p) is constant on the hyperboloids
s2(p) = p20 − p
2
1 − p
2
2 − p
2
3 = const.
Hence it follows that D(p) depends only on s2(p) : D(p) = D˜ [s2(p)], where D˜(s2) is a polynomial
on one variable s2.
Decomposing D˜ [s2(p)] on the factors,
D˜
[
s2(p)
]
= c
[
s2(p)−m21
] [
s2(p)−m22
] [
s2(p)−m23
]
· · ·
[
s2(p)−m2k
]
, (20)
we see that det (Γ(p) +mE) is equal to zero only in the case when the vector p satisfies the
condition
s2(p) = p20 − p
2
1 − p
2
2 − p
2
3 = m
2
i , (21)
where m2i are the roots of D˜. Since the numbers p0, p1, p2, p3 are real, then the roots m
2
i should
be real also.
Let us find now a relation between the roots m2i and eigenvalues of the matrix Γ0. Supposing
p1 = p2 = p3 = 0, we obtain s
2(p) = p20 and D˜ [s
2(p)] = D˜(p20). At this point, the decomposition
(20) is written as
D(p20) = c
(
p20 −m
2
1
) (
p20 −m
2
2
)
· · ·
(
p20 −m
2
k
)
=
= c (p0 −m1) (p0 +m1) (p0 −m2) (p0 +m2) · · · (p0 −mk) (p0 +mk) . (22)
2Gel’fand and Yaglom [21] developed a general theory of such equations including infinite-component wave
equations of Majorana type [22].
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On the other hand, at p1 = p2 = p3 = 0 the matrix Γ(p) is equal to Γ(p) = p0Γ0 and
det (Γ(p) +mE) = det (p0Γ0 +mE). This determinant can be represented in the form
det (p0Γ0 +mE) = c˜
(
p0 − µ
0λ1
) (
p0 − µ
0λ2
)
· · ·
(
p0 − µ
0λs
)
, (23)
where λ1, λ2, . . ., λs are eigenvalues of the matrix Γ0. Comparing the decompositions (22) and
(23), we see that at the corresponding numeration the following equalities
m1 = µ
0λ1, −m1 = µ
0λ2, m2 = µ
0λ3 = −µ
0λ4, . . . (24)
hold. The formula (24) gives a relation between the roots of polynomial D˜ and eigenvalues of the
matrix Γ0. It is easy to see that along with the each non-null eigenvalue λ the matrix Γ0 has an
eigenvalue −λ of the same multiplicity.
It is easy to verify that for representations of the type τ 0,l˙ we obtain
m1 = µ
0λ˙1, −m1 = µ
0λ˙2, m2 = µ
0λ˙3 = −µ
0λ˙4, . . .
In general case of τ ll˙ we have
m1 = µ
0λ1λ˙1, −m1 = µ
0λ2λ˙2, m2 = µ
0λ3λ˙3 = −µ
0λ4λ˙4, . . .
Coming to infinite dimensional representations of SL(2,C), we have at l →∞ and l˙ →∞ the
following relation:
m(s) = µ0
(
l +
1
2
)(
l˙ +
1
2
)
, (25)
where s = |l − l˙|.
2.2.1 Wave equations in the bivector space R6
The equations (16) are defined in the Minkowski space-time R1,3. With the aim to obtain an
analogue of (16) in the underlying spinor structure we use a mapping into bivector space R6.
There exists a close relationship between the metric of Minkowski space-time R1,3 and the metric
of the bivector space R6 [29]3:
gab −→ gαβγδ ≡ gαγgβδ − gαδgβγ. (26)
In the case of R1,3 with the metric tensor
gαβ =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


in virtue of (26) we obtain the following metric tensor for the bivector space R6:
gab =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, (27)
3Using a mapping of curvature tensor into R6, Petrov [29] introduced his famous classification of Einstein spaces.
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where the order of collective indices in R6 is 23 → 0, 10 → 1, 20 → 2, 30 → 3, 31 → 4, 12 → 5.
After the mapping of (16) onto R6 we obtain the following system:
3∑
j=1
(
Λlj ⊗ 12l˙+1 − 12l+1 ⊗ Λ
l˙
j
) ∂ψ
∂aj
+ i
3∑
j=1
(
Λlj ⊗ 12l˙+1 − 12l+1 ⊗ Λ
l˙
j
) ∂ψ
∂a∗j
+mψ = 0,
3∑
j=1
(
∗
Λl˙j ⊗ 12l+1 − 12l˙+1 ⊗
∗
Λlj
)
ψ˙
∂a˜j
− i
3∑
j=1
(
∗
Λl˙j ⊗ 12l+1 − 12l˙+1 ⊗
∗
Λlj
)
ψ˙
∂a˜∗j
+mψ˙ = 0, (28)
where g1 = a1, g2 = a2, g3 = a3, g4 = ia1, g5 = ia2, g6 = ia3, a
∗
1 = −ig4, a
∗
2 = −ig5, a
∗
3 = −ig6,
and a˜j, a˜
∗
j are the parameters corresponding to the dual basis, gi ∈ Spin+(1, 3). These equations
describe a particle of the spin s = |l − l˙| and mass m. In essence, the equations (28) are defined
in three-dimensional complex space C3. In its turn, the space C3 is isometric to a six-dimensional
bivector space R6 (a parameter space of the Lorentz group)
2.2.2 RWE of the proton
In nature there are a wide variety of elementary particles which different from each other by the
spin and mass. The following question arises naturally when we see on the Fig. 1–Fig. 3. What
particles correspond to irreducible representations τ ll˙? For example, the spin chain (1/2, 0)←→
(0, 1/2) on the Fig. 2, defined within the representation τ 1/2,0⊕τ 0,1/2, leads to a linear superposition
of the two spin states 1/2 and −1/2, that describes electron and corresponds to the Dirac equation
γµ
∂ψ
∂xµ
+meψ = 0. (29)
After the mapping of (29) into bivector space R6, we obtain
3∑
j=1
∗
Λ
0, 1
2
j
∂ψ˙
∂a˜j
+ i
3∑
j=1
∗
Λ
0, 1
2
j
∂ψ˙
∂a˜∗j
+meψ = 0,
3∑
j=1
Λ
1
2
,0
j
∂ψ
∂aj
− i
3∑
j=1
Λ
1
2
,0
j
∂ψ
∂a∗j
+meψ˙ = 0,
where
Λ
1
2
,0
1 =
1
2
c 1
2
1
2
[
0 1
1 0
]
, Λ
1
2
,0
2 =
1
2
c 1
2
1
2
[
0 −i
i 0
]
, Λ
1
2
,0
3 =
1
2
c 1
2
1
2
[
1 0
0 −1
]
,
∗
Λ
0, 1
2
1 =
1
2
c˙ 1
2
1
2
[
0 1
1 0
]
,
∗
Λ
0, 1
2
2 =
1
2
c˙ 1
2
1
2
[
0 −i
i 0
]
,
∗
Λ
0, 1
2
3 =
1
2
c˙ 1
2
1
2
[
1 0
0 −1
]
. (30)
It is easy to see that these matrices coincide with the Pauli matrices σi when c 1
2
1
2
= 2. Moreover,
there is a deep relationship between Dirac and Maxwell equations in spinor form (see, for example,
[30, 31]).
As is known, electron and proton have the same spin but different masses. If we replace the
electron mass me by the proton mass mp in (29) we come to the wave equation which, at first
glance, can be applied for description of the proton. However, the spin chain (1/2, 0)←→ (0, 1/2)
has a very simple algebraic structure and, obviously, this chain is not sufficient for description
of a very complicated intrinsic structure of the proton. For that reason we must find other spin
chain for the proton. It is clear that a main rule for the searching of this chain is the difference of
masses me and mp. It is known that mp/me ≈ 1800. With the aim to find a proton chain we use
the mass formula (25). Let s = l = 1/2 and let me = µ
0
(
l + 1
2
)
= µ0 is the electron mass4, then
4It is interesting to note that from (25) it follows directly that the electron mass is the minimal rest mass µ0.
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from (25) it follows that
mp = µ0
(
l +
1
2
)(
l˙ +
1
2
)
.
For the mass ratio mp/me we have
mp
me
=
(
l +
1
2
)(
l˙ +
1
2
)
.
Therefore,
(
l + 1
2
) (
l˙ + 1
2
)
≈ 1800. It is easy to verify that a proton representation can be defined
within the spin chain (59/2, 29) ←→ (29, 59/2) that corresponds to a representation τ 59/2,29 ⊕
τ 29,59/2 of the degree 3540. In the bivector space R
6 RWE for the proton chain takes the form
3∑
j=1
∗
Λ
29 59
2
j
∂ψ˙
∂a˜j
+ i
3∑
j=1
∗
Λ
29 59
2
j
∂ψ˙
∂a˜∗j
+mpψ = 0,
3∑
j=1
Λ
59
2
29
j
∂ψ
∂aj
− i
3∑
j=1
Λ
59
2
29
j
∂ψ
∂a∗j
+mpψ˙ = 0,
where Λ
59
2
29
j = Λ
59
2
j ⊗ 159− 160⊗Λ
29
j and
∗
Λ
29 59
2
j =
∗
Λ
29
j ⊗ 160− 159⊗
∗
Λ
59
2
j . All the non-null elements
of the matrices Λll˙j and
∗
Λ
l˙l
j were calculated in [28]. Here we do not give an explicit form of the all
Λ
59
2
29
j and
∗
Λ
29 59
2
j (in view of their big sizes). For example, an explicit form of the matrix Λ
59
2
29
3 is
Λ
59
2
29
3 = diag
(
1Λ
59
2
29
3 , 2Λ
59
2
29
3 , 3Λ
59
2
29
3 , . . . , 29Λ
59
2
29
3 ,
O59, −29Λ
59
2
29
3 , . . . ,−3Λ
59
2
29
3 , −2Λ
59
2
29
3 , −1Λ
59
2
29
3
)
,
where
1Λ
59
2
29
3 = diag
(
1711
2
,
1653
2
,
1595
2
, . . . ,
29
2
, −
29
2
, . . . , −
1595
2
, −
1653
2
, −
1711
2
)
,
2Λ
59
2
29
3 = diag (826, 798, 770, . . . , 14, −14, . . . , −770, −798, −826) ,
3Λ
59
2
29
3 = diag
(
1593
2
,
1539
2
,
1485
2
, . . . ,
27
2
, −
27
2
, . . . , −
1485
2
, −
1539
2
, −
1593
2
)
,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
29Λ
59
2
29
3 = diag
(
59
2
,
57
2
,
55
2
, . . . ,
1
2
, −
1
2
, . . . , −
55
2
, −
57
2
, −
59
2
)
,
andO59 is the 59-dimensional zero matrix. Spinor structure, associated with the chain (59/2, 29)←→
(29, 59/2), is very complicate and will be studied in a separate work.
2.3 Wigner interpretation
As is known, one from keystone facts of relativistic quantum field theory claims that state vectors
of the quantum system form a unitary representation of the Poincare´ group P = T4 ⊙ SL(2,C),
that is, the quantum system is defined by the unitary representation of P in the Hilbert space
H∞. In 1939, Wigner [10] introduced the following (widely accepted at present time) definition of
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elementary particle:
The quantum system, described by an irreducible unitary representation of the
Poincare´ group, is called an elementary particle.
An action of SL(2,C) on the Minkowski space-time R1,3 leads to a separation of R1,3 onto
orbits O. There are six types of the orbits:
1. O+m : p
2
0 − p
2
1 − p
2
2 − p
2
3 = m
2, m > 0, p0 > 0;
2. O−m : p
2
0 − p
2
1 − p
2
2 − p
2
3 = m
2, m > 0, p0 < 0;
3. Oim : p
2
0 − p
2
1 − p
2
2 − p
2
3 = −m
2, m > 0;
4. O+0 : p
2
0 − p
2
1 − p
2
2 − p
2
3 = 0, m = 0, p0 > 0;
5. O−0 : p
2
0 − p
2
1 − p
2
2 − p
2
3 = 0, m = 0, p0 < 0;
6. O00 : 0 = (0, 0, 0, 0), m = 0.
Hence it follows that we have six types of irreducible unitary representations U of the group P
related with the orbits O. The each representation U acts in the Hilbert space H∞. For example,
in case of the orbit O+m we have a representation U
m,+,s which describes a massive particle of
the spin s and mass m, where s = |l − l˙|. At this point, we have infinitely many mass orbits
(hyperboloids) of type O+m and O
−
m, where the mass distribution is defined by the formula (25).
The representation Um,+,s acts in the space Hm,+,s∞ . For more details about Wigner interpretation
and little groups5 see [1].
2.4 CPT group
Within the Clifford algebras there are infinitely many (continuous) automorphisms. Discrete
symmetries P and T transform (reflect) space and time (two the most fundamental notions in
relativistic physics), but space and time are not separate and independent in the Minkowski
4-dimensional space-time continuum. For that reason a transformation of one (space or time)
induces a transformation of another. Therefore, discrete symmetries should be expressed by such
transformations of the continuum, which transform all its structure totally with a full preservation
of discrete nature6. In 1949, Schouten [33] introduced such (discrete) automorphisms. In 1955, a
first systematic description of these automorphisms was given by Rashevskii [34]. He showed that
within the Clifford algebra Cℓp,q over the real field F = R there exist four fundamental automor-
phisms : A → A (identity), A → A⋆ (involution), A → A˜ (reversion), A → A˜⋆ (conjugation), A is
an arbitrary element of Cℓp,q. A finite group structure of the automorphism set {Id, ⋆, ˜ , ⋆˜} was
studied in [35] with respect to discrete symmetries which compound PT group (so-called reflection
group)7.
Other important discrete symmetry is the charge conjugation C. In contrast with the trans-
formations P , T , PT , the operation C is not space-time discrete symmetry. As is known, the
Clifford algebra Cn over the complex field F = C is associated with a complex vector space C
n.
The extraction of the subspace Rp,q in the space Cn induces in the algebra Cn a pseudoautomor-
phism A → A [34, 36]. Compositions of A → A with the fundamental automorphisms allow one
to extend the set {Id, ⋆, ˜ , ⋆˜} by the pseudoautomorphisms A → A, A → A⋆, A → A˜, A → A˜⋆
5This topics leads to deeply developed mathematical tools related with induced representations [32].
6As it mentioned above (see sections 1 and 2.1.1), in the well-known Penrose twistor programme [14, 15] a spinor
structure is understood as the underlying (more fundamental) structure with respect to Minkowski space-time. In
other words, space-time continuum is not fundamental substance in the twistor approach, this is a fully derivative
(in spirit of Leibnitz philosophy) entity generated by the underlying spinor structure. In this context space-time
discrete symmetries P and T should be considered as projections (shadows) of the fundamental automorphisms
belonging to the background spinor structure.
7Some applications of the fundamental automorphisms to discrete symmetries of quantum field theory were
considered by Rashevskii in [34] (see also his paper [36]).
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[37]. A finite group structure of an automorphism set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} was studied in
[37] with respect to CPT symmetries.
Theorem 1 ([37]). Let Cn be a complex Clifford algebra for n ≡ 0 (mod 2) and let Cℓp,q ⊂ Cn
be its subalgebra with a real division ring K ≃ R when p − q ≡ 0, 2 (mod 8) and quaternionic
division ring K ≃ H when p − q ≡ 4, 6 (mod 8), n = p + q. Then in dependence on the division
ring structure of the real subalgebra Cℓp,q the matrix Π of the pseudoautomorphism A → A has
the following form:
1) K ≃ R, p− q ≡ 0, 2 (mod 8).
The matrix Π for any spinor representation over the ring K ≃ R is proportional to the unit matrix.
2) K ≃ H, p− q ≡ 4, 6 (mod 8).
Π = Eα1α2···αa when a ≡ 0 (mod 2) and Π = Eβ1β2···βb when b ≡ 1 (mod 2), where a complex
matrices Eαt and b real matrices Eβs form a basis of the spinor representation of the algebra Cℓp,q
over the ring K ≃ H, a + b = p+ q, 0 < t ≤ a, 0 < s ≤ b. At this point,
ΠΠ˙ = I if a, b ≡ 0, 1 (mod 4),
ΠΠ˙ = −I if a, b ≡ 2, 3 (mod 4),
where I is the unit matrix.
Spinor representations of the all other automorphisms from the set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜}
are defined in a similar manner. We list these transformations and their spinor representations:
A −→ A⋆, A⋆ = WAW−1,
A −→ A˜, A˜ = EAtE−1,
A −→ A˜⋆, A˜⋆ = CAtC−1, C = EW,
A −→ A, A = ΠA∗Π−1,
A −→ A⋆, A⋆ = KA∗K−1, K = ΠW,
A −→ A˜, A˜ = S
(
A
t
)∗
S
−1, S = ΠE,
A −→ A˜⋆, A˜⋆ = F (A∗)t F−1, F = ΠC.
It is easy to verify that an automorphism set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} of Cn forms a finite
group of order 8.
Further, let Cn be a Clifford algebra over the field F = C and let CPT(Cn) =
{Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} be an automorphism group of the algebra Cn. Then there is an iso-
morphism between CPT(Cn) and a CPT group of the discrete transformations, CPT(Cn) ≃
{1, P, T, PT, C, CP, CT, CPT} ≃ Z2 ⊗ Z2 ⊗ Z2. In this case, space inversion P , time rever-
sal T , full reflection PT , charge conjugation C, transformations CP , CT and the full CPT–
transformation correspond to the automorphism A → A⋆, antiautomorphisms A → A˜, A → A˜⋆,
pseudoautomorphisms A → A, A → A⋆, pseudoantiautomorphisms A → A˜ and A → A˜⋆, respec-
tively [37].
The group {1, P, T, PT, C, CP, CT, CPT} at the conditions P 2 = T 2 = (PT )2 = C2 =
(CP )2 = (CT )2 = (CPT )2 = 1 and commutativity of all the elements forms an Abelian group of
order 8, which is isomorphic to a cyclic group Z2 ⊗ Z2 ⊗ Z2. In turn, the automorphism group
{Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} in virtue of commutativity (˜A⋆) = (A˜)⋆, (A⋆) = (A)⋆, (A˜) = (˜A),(
A˜⋆
)
=
(˜
A
)⋆
and an involution property ⋆⋆ = ˜ ˜ = = Id is also isomorphic to Z2⊗Z2⊗Z2:
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{1, P, T, PT, C, CP, CT, CPT} ≃ {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} ≃ Z2 ⊗ Z2 ⊗ Z2.
In 2003, the CPT group was introduced [37] in the context of an extension of automorphism
groups of Clifford algebras. The relationship between CPT groups and extraspecial groups and
universal coverings of orthogonal groups was established in [37, 38]. CPT groups of spinor fields
in the de Sitter spaces of different signatures were studied in the works [39, 40, 41]. CPT groups
for higher spin fields have been defined in [13] on the spinspaces associated with representations
of the spinor group Spin+(1, 3).
2.4.1 Charged particles
In the present form of quantum field theory complex fields correspond to charged particles. Let
us consider the action of the pseudoautomorphism A → A on the spinors of the fundamental
representation of the group Spin+(1, 3) ≃ SL(2,C). The matrix Π allows one to compare with
the each spinor ξα its conjugated spinor ξ
α
by the following rule:
ξ
α
= Παα˙ξ
α˙, (31)
here ξα˙ = (ξα)·. In accordance with Theorem 1 for the matrix Πα
β˙
we have Π˙ = Π−1 or Π˙ = −Π−1,
where Π−1 = Πα˙β . Then a twice conjugated spinor looks like
ξ
α
= Πα
β˙
ξβ˙ = Παα˙(Π
α
β˙
ξβ˙)· = Παα˙(±Π
α˙
β)ξ
β = ±ξα.
Therefore, the twice conjugated spinor coincides with the initial spinor in the case of the real
subalgebra of C2 with the ring K ≃ R (the algebras Cℓ1,1 and Cℓ2,0), and also in the case of K ≃ H
(the algebra Cℓ0,2 ≃ H) at a − b ≡ 0, 1 (mod 4). Since for the algebra Cℓ0,2 ≃ H we have always
a− b ≡ 0 (mod 4), then a property of the reciprocal conjugacy of the spinors ξα (α = 1, 2) is an
invariant fact for the fundamental representation of the group Spin+(1, 3) (this property is very
important in physics, because it is an algebraic expression of the requirement C2 = 1). Further,
since the ‘vector’ (spintensor) of the finite-dimensional representation of the group Spin+(1, 3) is
defined by the tensor product ξα1α2···αk =
∑
ξα1 ⊗ ξα2 ⊗ · · · ⊗ ξαk , then its conjugated spintensor
takes the form
ξ
α1α2···αk
=
∑
Πα1α˙1Π
α2
α˙2
· · ·Παkα˙kξ
α˙1α˙2···α˙k . (32)
It is obvious that a condition of reciprocal conjugacy ξα1α2···αk = ξα1α2···αk is also fulfilled for (32),
since for the each matrix Παiα˙i in (32) we have Π˙ = Π
−1 (all the matrices Παiα˙i are defined for the
algebra C2).
Further, in accordance with Theorem 1 Clifford algebras over the field F = C correspond
to charged particles such as electron, proton and so on. In general case all the elements of
Ca,b,c,d,e,f,g (resp. CPT(Cℓp,q)) depend on the phase factors. Let us suppose
P = ηpW, T = ηtE, C = ηcΠ, (33)
where ηp, ηt, ηc ∈ C
∗ = C− {0} are phase factors. Taking into account (33), we obtain
CPT(Cℓp,q) ≃ {1, P, T, PT, C, CP, CT, CPT} ≃
≃ {1(p+q)/2, ηpW, ηtE, ηpηtEW, ηcΠ, ηcηpΠW, ηcηtΠE, ηcηpηtΠEW} ≃
≃ {1(p+q)/2, ηpW, ηtE, ηpηtC, ηcΠ, ηcηpK, ηcηtS, ηcηpηtF}.
The multiplication table of this general group is given in Tab. 1. The Tab. 1 presents a general
generating matrix for any possible CPT groups of the fields of any spin.
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1(p+q)/2 ηpW ηtE ηptC ηcΠ ηcpK ηctS ηcptF
1(p+q)/2 1(p+q)/2 ηpW ηtE ηptC ηcΠ ηcpK ηctS ηcptF
ηpW ηpW η2pW
2 ηptWE η2pηtWC ηpcWΠ ηcη
2
pWK ηcptWS ηctη
2
pWF
ηtE ηtE ηptEW η2t E
2 ηpη2t EC ηctEΠ ηcptEK ηcη
2
t ES ηcpη
2
t EF
ηptC ηptC η2pηtCW ηpη
2
t CE η
2
ptC
2 ηcptCΠ ηctη2pCK ηcpη
2
t CS ηcη
2
ptCF
ηcΠ ηcΠ ηcpΠW ηctΠE ηcptΠC η2cΠ
2 η2cηpΠK η
2
cηtΠS η
2
cηptΠF
ηcpK ηcpK ηcη2pKW ηcptKE ηctη
2
pKC η
2
cηpKΠ η
2
cpK
2 η2cηptKS η
2
cpηtKF
ηctS ηctS ηcptSW ηcη2t SE ηcpη
2
t SC η
2
cηtSΠ η
2
cηptSK η
2
ctS
2 η2ctηpSF
ηcptF ηcptF ηctη2pFW ηcpη
2
t FE ηcη
2
ptFC η
2
cηptFΠ η
2
cpηtFK η
2
ctηpFS η
2
cptF
2
Tab. 1: The multiplication table of general generating group CPT(Cℓp,q).
2.4.2 Particle-antiparticle interchange and truly neutral particles
First of all, the transformation C (the pseudoautomorphism A → A) for the algebras Cℓp,q over
the field F = R and the ring K ≃ H (the types p − q ≡ 4, 6 (mod 8)) corresponds to particle-
antiparticle interchange C ′ (see [37, 38]). As is known, neutral particles are described within
real representations of the Lorentz group. There are two classes of neutral particles: 1) particles
which have antiparticles such as neutrons, neutrinos and so on; 2) particles which coincide with
their antiparticles (for example, photons). The first class is described by the the algebras Cℓp,q
over the field F = R with the rings K ≃ H and K ≃ H ⊕ H (the types p − q ≡ 4, 6 (mod 8) and
p− q ≡ 5 (mod 8)), and the second class (truly neutral particles) is described by the algebras
Cℓp,q over the field F = R with the rings K ≃ R and K ≃ R⊕ R (the types p− q ≡ 0, 2 (mod 8)
and p− q ≡ 1 (mod 8)) (for more details see [37, 38, 41, 42]).
In accordance with Theorem 1 for the algebras Cℓp,q over the real field F = R with real division
rings K ≃ R and K ≃ R ⊕ R (types p − q ≡ 0, 1, 2 (mod 8)) the pseudoautomorphism A → A
(charge conjugation C) is reduced to the identical transformation Id, therefore, such algebras
correspond to truly neutral particles (for example, photons, K0-mesons and so on).
3 Abstract Hilbert space
In 1932, von Neumann [43] introduced an abstract Hilbert space with the purpose of understanding
the basic mathematical principles of quantum mechanics. Let us consider in brief the main notions
of this construction.
Let |A〉, |B〉, |C〉, . . . are the vectors of a complex Euclidean space8 H satisfying the axioms of
Hilbert space (see, for example, [62]).
As is known, wave functions can be treated as vectors of H∞. Following to Dirac’s designation
[44], we denote the wave functions as ψ〉 = |A〉, where |A〉 ∈ H∞. The ‘nature’ of the vectors
|A〉 ∈ H∞ is not essential, |A〉 can represent tensors, functions on the group, representations and
so on. In accordance with Wigner interpretation (see section 2.3) we choose |A〉 as the functions
on the Lorentz group, where the each vector |A〉 ∈ H∞ corresponds to a some representation of
SL(2,C). In this context von Neumann condition looks like∫
SL(2,C)
〈ψ|U(g) |ψ〉 dg < ∞, (34)
8The space H can be understood as finite-dimensional space Hn and also as infinite-dimensional space H∞ [43].
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where dg is a Haar measure on the group SL(2,C), U(g) is a representation of SL(2,C)9.
Further, there exists an infinite sequence of the wave functions ψ1〉, ψ2〉, . . ., ψn〉, . . . such that
any wave function ψ〉 is represented in the form
ψ〉 = c1 ψ1〉+ c2 ψ2〉+ . . .+ cn ψn〉+ . . . (35)
The series (35) converges in average. Namely, if sn〉 =
∑n
j=1 cj ψj〉, then
‖ψ〉 − sn〉‖ =
∫
SL(2,C)
|ψ〉 − sn〉|
2 dg −→ 0 at n→∞. (36)
Such convergence is called convergence in average. Using Schmidt’s orthogonalization process, we
can always to orthogonalize the wave functions ψ1〉, ψ2〉, . . ., ψn〉, . . . such that 〈ψi |ψj〉 = δij .
Finally, the space H∞, satisfying the von Neumann conditions (34) and (36), is called an
abstract Hilbert space.
3.1 Spin multiplets
Let us consider further generalizations of the abstract Hilbert space H∞. In 1927, Pauli [56]
introduced the first theory of electron spin. The main idea of this theory lies in a doubling of the
space of wave functions. Let |ψ1〉 and |ψ2〉 be the vectors of H∞. Then the doubling space should
be defined by the formal linear combinations
c1 |ψ1〉+ c2 |ψ2〉 , (37)
where c1 and c2 are complex coefficients. Hence it follows that H∞ should be replaced by the
tensor product
H
S
2 ⊗H∞. (38)
Let |e1〉 and |e2〉 be the basis vectors in H
S
2 , then any vector∣∣ψS〉 =∑
j
|xj〉 ⊗ |ψj〉
from HS2 ⊗H∞ can be represented in the form∣∣ψS〉 = c1 |e1〉 ⊗ |ψ1〉+ c2 |e2〉 ⊗ |ψ2〉 . (39)
A comparison of (39) with the formal sum (37) shows that the space (38) presents an adequate
mathematical description for the space of wave functions with electron spin.
9In the framework of refined algebraic quantization [45, 46], the inner product of states is defined using the
technique of group averaging. Group averaging uses the integral∫
G
〈φ1|U(g)|φ2〉dg
over the gauge group G, where dg is a so-called symmetric Haar measure on G, U(g) is a representation of G, and
φ1 and φ2 are state vectors from an auxiliary Hilbert space Haux. Convergent group averaging gives an algorithm
for construction of a complete set of observables of a quantum system [47]–[51]. This topics is related closely with
a quantum field theory on the Poincare´ group [52, 53] and also with a wavelet transform for resolution dependent
fields [54, 55].
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3.1.1 Spin doublets
The first simplest spin multiplet is a spin doublet constructed within HS2 ⊗H∞. We have here two
spin states: one state belongs to the spin-1/2 line, and other state belongs to the dual spin-1/2
line. The first spin doublet (see Fig. 2) is
( 1
2
,0)
•
(0, 1
2
)
•
1
2
−1
2
(40)
Here the second row means that the representation (1/2, 0) describes a particle for example,
electron) with the spin value 1/2, and the representation (0, 1/2) describes a particle with the
spin value -1/2. The doublet (40) corresponds to the Dirac equation and for that reason should
be called as a fundamental doublet. On the other hand, we can construct the spin doublet using
(1, 1/2)- and (1/2, 1)-representations:
(1, 1
2
)
•
( 1
2
,1)
•
1
2
−1
2
It is easy to see that we have infinitely many spin doublets, where two different spin states 1/2
and -1/2 belong to spin-1/2 and dual spin-1/2 lines, respectively:
( 3
2
,1)
•
(1, 3
2
)
•
1
2
−1
2
,
(2, 3
2
)
•
( 3
2
,2)
•
1
2
−1
2
,
· · · · · · · · ·
( 59
2
,29)
•
(29, 59
2
)
•
1
2
−1
2
,
· · · · · · · · ·
3.1.2 Spin triplets
The next spin multiplet is a spin triplet constructed within the space HS3 ⊗ H∞. We have here
three spin states: two states 1 and -1 belong to the spin-1 and dual spin-1 lines, and third spin
state 0 belongs to the spin-0 line. As it follows from Fig. 1, the first spin triplet (fundamental
triplet) is
(1,0)
•
( 1
2
, 1
2
)
•
(0,1)
•
1 0 −1
(41)
It is obvious that there are infinitely many spin triplets. The next spin triplet, which follows after
(41), is
( 3
2
, 1
2
)
•
(1,1)
•
( 1
2
, 3
2
)
•
1 0 −1
and so on.
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3.1.3 The space HS2s+1 ⊗H∞
As in the case of spin doublets and triplets we can construct spin quadruplets and other spin
multiplets in a similar manner. For example, the first 6-dimensional multiplet (6-plet), defined in
H
S
6 ⊗H∞, is
( 5
2
,0)
•
(2, 1
2
)
•
( 3
2
,1)
•
(1, 3
2
)
•
( 1
2
,2)
•
(0, 5
2
)
•
5
2
3
2
1
2
−1
2
−3
2
−5
2
Generalizing this construction, we come to the following abstract Hilbert space:
H
S
2s+1 ⊗H∞, (42)
where s = 0, 1
2
, 1, 3
2
, 2, . . ., and s = |l − l˙|. Of course, we have infinitely many spin singlets in
H
S
2s+1 ⊗ H∞. All these singlets belong to the spin-0 line and defined by representations (0, 0),
(1/2, 1/2), (1, 1), . . ., (s, s), . . .. The singlet, defined by the representation (0, 0), is called a
fundamental singlet.
Further, when s is odd we have fermionic multiplets in HS2s+1 ⊗ H∞ and, correspondingly,
bosonic multiplets when s is even. All the spaces HS2s+1 ⊗ H∞ are nonseparable Hilbert spaces.
All fermionic and bosonic multiplets in HS2s+1 ⊗ H∞ have their antiparticle counterparts which
compound antimatter (see Fig. 7).
3.1.4 Many states or many particles?
We can imagine that one and the same particle (for example, electron) has two spin states with
the spin +1/2 or -1/2. However, the electron without definite value of the spin is never observed
in nature and presents itself an abstract notion. For that reason from an alternative viewpoint it
follows that there exist two elementary particles: the electron with the spin +1/2 and the electron
with the spin -1/2, whereas a ‘simple electron’ does not exist in nature. It is obvious that the
same proposition holds for other spin multiplets.
3.1.5 Charge multiplets
In 1932, Heisenberg [57] proposed to consider proton and neutron as two different states of the
one and the same particle (nucleon). The Heisenberg theory of proton-neutron states (a charge
doublet) formally coincides with the theory of electron spin states proposed by Pauli. The main
object of the Heisenberg theory is an abstract Hilbert space of the type
H
Q
2 ⊗H∞,
where HQ2 is a charge space associated with the fundamental representation of the group SU(2).
In 1938, Kemmer [58] generalized the Heisenberg theory to the case of a particle with three
different charge states 1, 0, −1. A charge triplet is constructed within an abstract Hilbert space
of the type
H
Q
3 ⊗H∞,
where HQ3 is a charge space associated with the representation τ 1,0 of the group SU(2).
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(0, 7
2
)
•
( 1
2
,3)
•
(1, 5
2
)
•
( 3
2
,2)
•
(2, 3
2
)
•
( 5
2
,1)
•
(3, 1
2
)
•
( 7
2
,0)
•
(0,3)
•
( 1
2
, 5
2
)
•
(1,2)
•
( 3
2
, 3
2
)
•
(2,1)
•
( 5
2
, 1
2
)
•
(3,0)
•
(0, 5
2
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•
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•
(1, 3
2
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Fig. 7: Matter and antimatter spin multiplets in HS2s+1 ⊗H∞.
3.2 The space HS ⊗HQ ⊗H∞
The spaces HS2s+1 ⊗ H∞ (spin multiplets) and H
Q ⊗ H∞ (charge multiplets), considered in the
previous sections, lead naturally to the following generalization of the abstract Hilbert space. Let
H
S ⊗HQ ⊗H∞ (43)
be a tensor product of H∞ and a spin-charge space H
S ⊗ HQ. State vectors of (43) describe
particles of the spin s = |l− l˙| and charge Q with the mass m defined by the formula (25). All the
totality of state vectors of HS⊗HQ⊗H∞ is divided into six classes according to the orbits O in the
Wigner interpretation. Moreover, state vectors are grouped into spin lines: spin-0 line, spin-1/2
line, spin-1 line and so on (bosonic and fermionic lines). The each state vector presents itself an
irreducible representation τ ll˙ of Spin+(1, 3) which acts in the space Sym(k,r) (Hilbert space of
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elementary particle10). The charge Q takes three values −1, 0, +111, where the values −1, +1
correspond to charged particles, and the value 0 corresponds to neutral (or truly neutral) particles.
In the underlying spinor structure charged particles are described by the complex representations
of Spin+(1, 3), for which the pseudoatomorphism A → A is not trivial (F = C) and an action of
A → A replaces complex representations (charge state −1) by complex conjugate representations
(charge state +1). The neutral particles (charge state 0) are described by the real representations
of Spin+(1, 3), for which the transformation A → A is also not trivial (F = R, K ≃ H), that is,
we have here particle-antiparticle interchange. In turn, truly neutral particles are described by
the real representations of Spin+(1, 3) for which the action of the pseudoautomorphism A → A is
trivial (F = R, K ≃ R). With the aim to distinguish this case from the neutral particles (state 0)
we denote this charge state as 0. Therefore, the spinor structure with the help of A → A allows
us to separate real representations for neutral (charge state 0) and truly neutral (charge state 0)
particles.
Vectors of HS ⊗HQ ⊗H∞ have the form
|A〉 =
∣∣τ ll˙, Sym(k,r), Cℓp,q, S(p+q)/2, Ca,b,c,d,e,f,g, . . .〉 , (44)
where τ ll˙ is a representation of the proper orthocronous Lorentz group, Sym(k,r) is a representation
space of τ ll˙ with the degree (9), Cℓp,q is a Clifford algebra associated with τ ll˙, S(p+q)/2 is a spinspace
associated with Cℓp,q, C
a,b,c,d,e,f,g is a CPT group defined within Cℓp,q. It is obvious that the main
object, defining the vectors of the type (44), is the representation τ ll˙. Objects Cℓp,q, S(p+q)/2 and
Ca,b,c,d,e,f,g belong to spinor structure. In other words, the representation τ ll˙ corresponds to the
each vector of HS⊗HQ⊗H∞, and a set of all possible representations τ ll˙ generates the all abstract
Hilbert space HS ⊗HQ ⊗H∞ with the vectors (44).
3.2.1 Nucleon doublet
Let us suppose that vectors |e1〉 and |e2〉 of the charge doublet have the form
|e1〉 =
∣∣τ c
ll˙
, Sym(k,r), C⊗ Cℓp,q, S2n/2 , C
a,b,c,d,e,f,g
〉
,
|e2〉 =
∣∣τ r
ll˙
, Sym(k,r), Cℓp,q, S2n/2 , C
a,b,c,d,e,f,g
〉
,
where in the case of |e1〉 the complex representation τ
c
ll˙
belongs to spin-1/2 line (see Fig. 2), Sym(k,r)
is a representation space of τ c
ll˙
with the degree (9), C⊗Cℓp,q is a Clifford algebra associated with
τ c
ll˙
, S2n/2 is a spinspace over the field F = C, n = p + q. The vector |e1〉 describes a charged
fermion of the spin-1/2. In the case of |e2〉 we have a real representation τ
r
ll˙
belonging to the
spin-1/2 line. In contrast to |e1〉, Cℓp,q is a Clifford algebra over the field F = R, where Cℓp,q is
a Clifford algebra over F = R with the quaternionic division ring K ≃ H, the types p − q ≡ 4, 6
(mod 8). For that reason the vector |e2〉 describes a neutral fermion of the spin-1/2 which admits
particle-antiparticle conjugation.
10Recall that a superposition of the state vectors forms an irreducible unitary representation U (quantum ele-
mentary particle system) of the group Spin+(1, 3) ≃ SL(2,C) which acts in the Hilbert space H∞. At the reduction
of the superposition we have U → τ ll˙ and H∞ → Sym(k,r). For example, in the case of electron we have two spin
states: the state 1/2 described by the representation τ 1/2,0 on the spin-1/2 line and the state -1/2 described by
τ 0,1/2 on the dual spin-1/2 line. The representations τ 1/2,0 and τ 0,1/2 act in the spaces Sym(1,0) and Sym(0,1),
respectively. The superposition of these two spin states leads to a unitary representation Um,+,1/2 of the orbit
O+m which acts in the Hilbert space H
m,+,1/2
∞ ≃ H
S
2 ⊗ H∞. At the reduction we have U
m,+,1/2 → τ 1/2,0 or
Um,+,1/2 → τ 0,1/2 and H
m,+,1/2
∞ → Sym(1,0) or H
m,+,1/2
∞ → Sym(0,1).
11Of course, in the case of charge quadruplet (for example, ∆-quadruplet of the spin 3/2) we have four values
−1, 0, 1, 2.
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Returning to 3540-dimensional proton representation space τ c59
2
,29
, considered in the section
2.2.2, we can define nucleon doublet, that is, proton |e1〉 = P and neutron |e2〉 = N states. The
representation τ c59
2
,29
acts in the space Sym(59,58) of the degree 3540. Let C⊗Cℓ119,115 ≃ C234 be a
Clifford algebra associated with the proton state |e1〉 = P. The real subalgebra Cℓ119,115 has the
quaternionic division ring K ≃ H, type p− q ≡ 4 (mod 8), and the parity with P 2 = 1. Further,
let S2117 be a complex spinspace associated with |e1〉 = P (CPT group of P acts in this spinspace).
In turn, the neutron state |e2〉 = N is described by a real representation τ
r
59
2
,29
belonging also to
spin-1/2 line with the Clifford algebra Cℓ119,115 and a quaternionic spinspace S2117(H). Thus, for
the vectors of the nucleon doublet we have
P =
∣∣∣τ c59
2
,29
, Sym(59,58), C234, S2117 , P
2 = 1
〉
,
N =
∣∣∣τ r59
2
,29
, Sym(59,58), Cℓ119,115, S2117 , P
2 = 1
〉
.
3.2.2 Σ-triplet
In this case we take the vectors of the charge triplet in the form
|e1〉 =
∣∣τ c
ll˙
, Sym(k,r), C⊗ Cℓp,q, S2n/2 , C
a,b,c,d,e,f,g
〉
,
|e2〉 =
∣∣τ r
ll˙
, Sym(k,r), Cℓp,q, S2n/2 , C
a,b,c,d,e,f,g
〉
,
|e3〉 =
∣∣∣∣τ cl˙l, Sym(r,k), ∗C⊗ Cℓp,q, Sˆ2n/2 , Ca,b,c,d,e,f,g
〉
.
According to the mass formula (25) and the interlocking scheme (Fig. 2) the next representation
on the spin-1/2 line after τ c59
2
,29
(nucleon doublet) is a 4556-dimensional complex representation
τ c67
2
,33
, since mΣ/me ≈ 2280. This representation can be identified with the Σ-triplet. We have
here three charge states: |e1〉 = Σ
+, |e2〉 = Σ
0 and |e3〉 = Σ
−. The representation τ c67
2
,33
acts in
the space Sym(67,66) of the degree 4556. Let C⊗ Cℓ135,131 ≃ C266 be a Clifford algebra associated
with the state |e1〉 = Σ
+. The real subalgebra Cℓ135,131 has the quaternionic division ring K ≃ H
(the type p − q ≡ 4 (mod 8)) and, therefore, the parity with P 2 = 1. Further, let S2133 be a
complex spinspace associated with |e1〉 = Σ
+ and also with |e3〉 = Σ
− (CPT groups of Σ+ and
Σ− act in this spinspace). In turn, the state |e2〉 = Σ
0 is described by a real representation τ r67
2
,33
belonging also to spin-1/2 line with the Clifford algebra Cℓ135,131 and a quaternionic spinspace
S2133(H). Thus, for the vectors of the Σ-triplet we have
Σ+ =
∣∣∣τ c67
2
,33
, Sym(67,66), C266, S2133 , P
2 = 1
〉
,
Σ0 =
∣∣∣τ r67
2
,33
, Sym(67,66), Cℓ135,131, S2133 , P
2 = 1
〉
,
Σ− =
∣∣∣∣τ c33, 67
2
, Sym(66,67),
∗
C266, Sˆ2133 , P
2 = 1
〉
.
3.2.3 pi-triplet
On the other hand, we have pi-triplet on the spin-0 line. As is known, mπ/me ≈ 270, therefore,
we assume that pi-triplet can be described within 529-dimensional complex representation τ c11,11
belonging to spin-0 line. In this case we have three charge states: |e1〉 = pi
+, |e2〉 = pi
0, |e3〉 = pi
−.
The representation τ c11,11 acts in the space Sym(22,22) of the degree 529. Let C ⊗ Cℓ45,43 ≃ C88
be a Clifford algebra associated with the state |e1〉 = pi
+. The real subalgebra Cℓ45,43 has the
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real division ring K ≃ R, the type p − q ≡ 2 (mod 8), and, therefore, we have here the parity
with P 2 = −1. Further, let S244 be a complex spinspace associated with |e1〉 = pi
+ and also with
|e3〉 = pi
− (CPT groups of pi+ and pi− act in this spinspace). In turn, the state |e2〉 = pi
0 is
described by a real representation τ r11,11 belonging also to spin-0 line with the Clifford algebra
Cℓ45,43 and a real spinspace S244(R). In contrast to Σ-triplet (state |e2〉 = Σ
0), the state |e2〉 = pi
0
in pi-triplet is described within the algebra Cℓ23,21 over the field F = R with the real ring K ≃ R
that corresponds to truly neutral particles (see section 3.1.2). Thus, for the vectors of the pi-triplet
we have
pi+ =
∣∣τ c11,11, Sym(22,22), C88, S244 , P 2 = −1 〉 ,
pi0 =
∣∣τ r11,11, Sym(22,22), Cℓ45,43, S244 , P 2 = −1 〉 ,
pi− =
∣∣∣∣τ c11,11, Sym(22,22), ∗C88, Sˆ244 , P 2 = −1
〉
.
3.2.4 Superselection rules
We consider further a general structure of the abstract Hilbert spaceHS⊗HQ⊗H∞. Let |Ψ〉 be the
vector of HS⊗HQ⊗H∞, then e
iα |Ψ〉, where α runs all real numbers and
√
〈Ψ |Ψ〉 = 1, is called a
unit ray. All the states of physical (quantum) system are described by unit rays. We assume that
a basic correspondence between physical states and elements of the space HS⊗HQ⊗H∞ includes
a superposition principle of quantum theory, that is, there exists such a collection of basic states
that arbitrary states can be constructed from them with the help of linear superpositions.
However, as is known [59] not all unit rays are physically realizable. There exist physical restric-
tions (superselection rules) on execution of superposition principle. In 1952, Wigner, Wightman
and Wick [59] showed that existence of superselection rules is related with the measurability of
relative phase of the superposition. It means that a pure state cannot be realized in the form of
superposition of some states, for example, there is no a pure state consisting of fermion and boson
(superselection rule on the spin). In the space HS⊗HQ⊗H∞ there are superselection rules on the
spin, parity, baryon number, lepton number12. We divide the space HS⊗HQ⊗H∞ on the subsets
(coherent subspaces) according to superselection rules. The superposition principle is executed in
the each coherent subspace. For example, spin lines in HS ⊗HQ ⊗ H∞ form coherent subspaces
corresponding to superselection rule on the spin.
3.2.5 Group action on HS ⊗HQ ⊗H∞
We assume that one and the same quantum system can be described by the two different ways
in one and the same coherent subspace of HS ⊗HQ ⊗H∞ one time by the rays Ψ1, Ψ2, . . . and
other time by the rays Ψ′1, Ψ
′
2, . . .. One can say that we have here a symmetry of the quantum
system when one and the same physical state is described with the help of Ψ1 in the first case
and with the help of Ψ′1 in the second case such that probabilities of transitions are the same.
Therefore, we have a mapping Tˆ between the rays Ψ1 and Ψ
′
1. Since only the absolute values
are invariant, then the transformation Tˆ in Ψ1, Ψ2, . . . should be unitary or antiunitary. These
two possibilities are realized in the case when a coherent subspace (or all the space HS ⊗ HQ ⊗
H∞) is defined over the complex field F = C, since the complex field has two (and only two)
automorphisms preserving absolute values: an identical automorphism and complex conjugation.
When the coherent subspace (or all HS ⊗HQ ⊗H∞) is defined over the real field F = R we have
only unitary transformations Tˆ , since the real field has only one identical automorphism.
12At this moment it is not possible to enumerate all the superselection rules for HS ⊗HQ ⊗H∞.
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Let |ψ1〉, |ψ2〉, . . . be the unit vectors from the rays Ψ1, Ψ2, . . . and let |ψ
′
1〉, |ψ
′
2〉, . . . be the
unit vectors from the rays Ψ′1, Ψ
′
2, . . . such that a correspondence |ψ1〉 ↔ |ψ
′
1〉, |ψ1〉 ↔ |ψ
′
1〉,
. . . is unitary or antiunitary. The first collection corresponds to the states {s} and the second
collection corresponds to transformed states {gs}. We choose the vectors |ψ1〉 ∈ Ψ1, |ψ2〉 ∈ Ψ2,
. . . and |ψ′1〉 ∈ Ψ
′
1, |ψ
′
2〉 ∈ Ψ
′
2, . . . such that
|ψ′1〉 = Tg |ψ1〉 , |ψ
′
2〉 = Tg |ψ2〉 , . . . (45)
It means that if |ψ1〉 is the vector associated with the ray Ψ1, then Tg |ψ1〉 is the vector associated
with the ray Ψ′1. If there exist two operators Tg and Tg′ with the property (45), then they can be
distinguished by only a constant factor. Therefore,
Tgg′ = ω(g, g
′)TgTg′ , (46)
where ω(g, g′) is a phase factor. Representations of the type (46) are called ray (projective)
representations. It means also that we have here a correspondence between physical states and
rays in the abstract Hilbert space HS ⊗ HQ ⊗ H∞. Hence it follows that the ray representation
T of a topological group G is a continuous homomorphism T : G → L(Hˆ), where L(Hˆ) is a
set of linear operators in the projective space Hˆ endowed with a factor-topology according to
the mapping Hˆ → HS ⊗ HQ ⊗ H∞, that is, |ψ〉 → Ψ. However, when ω(g, g
′) 6= 1 we cannot
to apply the mathematical theory of usual group representations. With the aim to avoid this
obstacle we construct a more large group E in such manner that usual representations of E give
all nonequivalent ray representations (46) of the groupG. This problem can be solved by the lifting
of projective representations of G to usual representations of the group E. Let K be an Abelian
group generated by the multiplication of nonequivalent phases ω(g, g′) satisfying the condition
ω(g, g′)ω(gg′, g′′) = ω(g′, g′′)ω(g, g′, g′′).
Let us consider the pairs (ω, x), ω ∈ K, x ∈ G, in particular,K = {(ω, e)}, G = {(e, x)}. The pairs
(ω, x) form a group with the following multiplication law: (ω1, x1)(ω2, x2) = (ω1ω(x1, x2)ω2, x1x2).
The group E = {(ω, x)} is called a central extension of the group G via the group K. Vector
representations of the group E contain all the ray representations of the group G. Hence it follows
that a symmetry group G of physical system induces a unitary or antiunitary representation T of
invertible mappings of the space HS⊗HQ⊗H∞ into itself, which is a representation of the central
extension E of G.
Below we consider a symmetry group G as one from the sequence of unitary unimodular groups
SU(2), SU(3), . . ., SU(N), . . . (groups of internal symmetries) which act in the spaceHS⊗HQ⊗H∞.
4 SU(3) symmetry
In 1961, Gell-Mann [60] and Ne’eman [61] proposed a wide generalization of charge multiplets. The
main idea of this generalization lies in the assumption that the charge multiplets of the group SU(2)
can be unified within a more large group, for example, the group SU(3). In this context the isospin
group SU(2) is understood as a subgroup of SU(3), SU(2) ⊂ SU(3). In accordance with SU(3)-
theory, baryons and mesons are described within irreducible representations (supermultiplets) of
the group SU(3).
As is known, hadrons are divided into charge multiplets, and the each hadron is described by
a following number collection: (B, s, P, Q, Y, I), where B is a baryon number, s is a spin, P is
a parity, Q is a charge, Y is a hypercharge (doubled mean value of the of the all particles in the
multiplet), I is an isospin. The number of particles in the charge multiplet is M = 2I + 1. The
spin s and parity P are external parameters with respect to SU(3)-theory.
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4.1 Representations of SU(3)
Let G = SU(3) be the group of internal symmetries acting in the Hilbert space HS ⊗ HQ ⊗ H∞
by means of a central extension E (see section 4.3.5). A parameter number of SU(3) is equal to
32 − 1 = 8. Operators from SU(3) act on the vectors (44) of HS ⊗HQ ⊗H∞.
As is known, Young schemes in the case of the group SU(3) have the form
(47)
Here we have p + q squares in the first row and q squares in the second row. Let C(p + 2q, 0) be
a space of tensors of the rank p + 2q. The each Young scheme of the type (47) corresponds to
subspace Cp,q of C(p+ 2q, 0) consisting of the tensors
T {α1...αp}[γ1δ1][γ2δ2]...[γqδq ] (48)
with the following properties: 1) T is symmetric with respect to the indices α1, . . . , αp; 2) T is
antisymmetric with respect to the each pair of the indices from [γi, δi]; 3) T is symmetric with
respect to the pairs [γi, δi].
Further, there is an isomorphic mapping [62]
ϕ : Cp,q −→ Sym(p,q),
where Sym(p,q) is a space of bisymmetric tensors of the type
T
{α1...αp}
{β1...βp}
. (49)
Coordinates of (49) are constructed from the tensors (48) of Cp,q via the formula
T
α1...αp
β1...βp
= 2−
q
2φβ1γ1δ1φβ2γ2δ2 · · ·φβqγqδqT
{α1...αp}[γ1δ1][γ2δ2]...[γqδq],
where φρστ is a pseudotensor with the following properties:
φρστ = φ
ρστ =


0, if the indices ρ, σ, τ are not different;
1, if the substitution
(
1 2 3
ρ σ τ
)
is even;
−1, if the substitution
(
1 2 3
ρ σ τ
)
is odd.
Tensors (49) with additional condition
T
αα1...αp
αβ1...βp
= 0
form a space Sym0(p,q) of traceless bisymmetric tensors. All irreducible representations of the group
SU(3) are defined by the traceless bisymmetric tensors in the spaces Sym0(p,q), where a degree of
the irreducible representation is given by the formula
N(p, q) =
1
2
(p+ 1)(q + 1)(p+ q + 2). (50)
Degrees N(p, q) (p, q = 0, 1, . . . , 6) are given in the Tab. 2.
As is known, an algebra su(3) of the group SU(3) consists of traceless hermitean operators
acting in the space C3. With the aim to fix the subalgebra su(2) in su(3) we express the units of
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q 0 1 2 3 4 5 6 . . .
p
0 1 3 6 10 15 21 28 . . .
1 3 8 15 24 35 48 63 . . .
2 6 15 27 42 60 81 105 . . .
3 10 24 42 64 90 120 154 . . .
4 15 35 60 90 125 165 210 . . .
5 21 48 81 120 165 216 273 . . .
6 28 63 105 154 210 273 343 . . .
...
...
...
...
...
...
...
...
Tab. 2: Degrees of irreducible representations of the group SU(3).
su(2) via the units of su(3). It is more convenient to choose the units of the algebra su(3) in an
‘external’ Okubo basis [63]:
A11 =

 23 0 00 −1
3
0
0 0 −1
3

 , A21 =

0 1 00 0 0
0 0 0

 , A31 =

0 0 10 0 0
0 0 0

 ,
A12 =

0 0 01 0 0
0 0 0

 , A22 =

−13 0 00 2
3
0
0 0 −1
3

 , A32 =

0 0 00 0 1
0 0 0

 ,
A13 =

0 0 00 0 0
1 0 0

 , A23 =

0 0 00 0 0
0 1 0

 , A33 =

−13 0 00 −1
3
0
0 0 2
3

 . (51)
Diagonal matrices Aii from (51) are hermitean and satisfy the relation
A11 + A
2
2 + A
3
3 = 0.
Commutation relations for the Okubo operators Aik are[
Aik, A
l
m
]
= δimA
l
k − δ
l
kA
i
m =
(
δimδ
l
rδ
s
k − δ
l
kδ
i
lδ
s
m
)
Aik. (52)
Let aik be Okubo operators of the subalgebra su(2) and let A
i
k be Okubo operators of the
algebra su(3). The operators aik are
a11 =
[
1
2
0
0 −1
2
]
, a21 =
[
0 0
0 0
]
, a12 =
[
0 0
1 0
]
, a22 =
[
−1
2
0
0 1
2
]
, (53)
and their relations with the Pauli matrices are defined as a21 = σ1+ iσ2, a
1
2 = σ1− iσ2, a
1
1 = −a
2
2 =
σ3. Further, let P˜ 0 be an irreducible representation of the algebra su(3) of the degree N and let
P˜ 0(aik) = a
i
k(N), P˜
0(Aik) = A
i
k(N).
The operators aik act in the space C
2 = Sym(1,0), and the operators A
i
k act in C
3 = Sym0(1,0). In
turn, the operators aik(N) and A
i
k(N) act in the representation space C
N .
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Returning to the algebra su(3), we take
a11 = A
1
1 +
1
2
A33, a
2
2 = A
2
2 +
1
2
A33, a
1
2 = A
1
2, a
2
1 = A
2
1,
or
aij = A
i
j −
1
2
δijA
k
k,
where the indices i, j, k take the values 1, 2. At this point,
a11 + a
2
2 = A
1
1 + A
2
2 + A
3
3 = 0.
Further, using the relations (52), we find
[
aij, a
k
l
]
=
[
Aij −
1
2
δijA
r
r, A
k
l −
1
2
δkl A
s
s
]
=
[
Aij , A
k
l
]
= δilA
k
j − δ
k
jA
i
l = δ
i
la
k
j − δ
k
j a
i
l,
where i, j, k, l, r, s = 1, 2. It is easy to see that aij satisfy the commutation relations for 2 × 2
Okubo matrices (53). Therefore, the operators aij generate the subalgebra su(2) ⊂ su(3).
Since the rank of su(3) is equal to 2, then the algebra su(3) contains two linearly independent
operators, for example, A11 and A
3
3. Therefore, any operator from su(3) can be represented as a
linear combination of A11 and A
3
3. Hence it follows that in the case of su(3) an analogue of the
operator I3 (the isospin operator of su(2)) has the form A = αA
1
1 + βA
3
3, where α and β are
constant coefficients. Further, for the operator P˜ 0(A), which acts in the space C8 = Sym0(1,1), we
have P˜ 0(A) = αP˜ 0(A11) + βP˜
0(A33) and, therefore, a charge operator of the octet F1/2 is defined as
Q(8) = αA11(8) + βA
3
3(8) + γ18,
where the constant γ defines a shift of eigenvalues of Q. This fixation of the subalgebra su(2) in
su(3) leads to I3 = A
1
1 +
1
2
A33 and called I-spin. However, in common with I-spin there are two
different fixations of su(2) in su(3) which lead to U3 = A
3
3 +
1
2
A11 (U -spin) and V3 = A
1
1+
1
2
A22 (V -
spin). The choice of su(2) with respect to U -spin is used in the Gell-Mann–Okubo mass formula
(see section 7).
Further, hadrons are classified in SU(3)-theory into supermultiplets consisting of the particles
of one and the same baryon number, spin and parity. The each supermultiplet corresponds to some
irreducible representation of the group SU(3). At this point, the number of particles, belonging to
supermultiplet, is equal to a degree of the representation (see Tab. 2). The each vector of the space
Sym0(p,q) of the irreducible representation corresponds to a state (particle) of the supermultiplet. The
operators of charge Q(N) and hypercharge Y (N) are defined on the space Sym0(p,q), where N =
N(p, q) is the degree of representation defined by the formula (50). Supermultiplets correspond to
such irreducible representations of SU(3), for which all the eigenvalues of the operators Q(N) and
Y (N) are integer. Hence it follows that hadron supermultiplets correspond to such representations
Sym0(p,q) of SU(3) for which p− q ≡ 0 (mod 3). From the Tab. 2 we see that ‘admissible’ hadron
supermultiplets have degrees 1, 8, 10, 27, 28, 35, 55, 64, 80, 81, 91, 125, 136, 143, 154, . . .. There
is a SU(3)/ SU(2)-reduction of the given supermultiplet into charge multiplets of the group SU(2).
Namely, an irreducible representation Sym0(p,q), defining the supermultiplet, induces a reducible
representation on the subgroup SU(2) ⊂ SU(3).
5 Supermultiplets of SU(3) and SU(3)/ SU(2)-reduction
In this section we will consider in details supermultiplets of the group SU(3) (octets F1/2, B0, B1)
based on the eight-dimensional regular representation Sym0(1,1) and their reductions into isotopic
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multiplets of the subgroup SU(2). As is known [62], SU(3)/ SU(2)-reduction of Sym0(1,1) is given
by the following expression:
Sym0(1,1) = Φ3 ⊕ Φ2 ⊕
∗
Φ2 ⊕ Φ0, (54)
where Φ3, Φ2,
∗
Φ2, Φ0 are charge multiplets of SU(2), Φ3 is a triplet, Φ2 and
∗
Φ2 are doublets, Φ0
is a singlet.
Below we consider SU(3)/ SU(2)-reductions and mass spectrum of the octets F1/2, B0, B1
(eightfold way) with respect to charge multiplets.
5.1 Octet F1/2
F1/2 is a fermionic supermultiplet of SU(3) containing baryons of the spin 1/2. Therefore, all the
particles of F1/2 are described by the vectors of the abstract Hilbert space belonging to spin-1/2
line with positive parity P 2 = 1. In accordance with (54), SU(3)/ SU(2)-reduction of the octet
F1/2 leads to the following charge multiplets:
Φ3 :


Σ+ =
∣∣∣τ c67
2
,33
, Sym(67,66), C266, S2133 , P
2 = 1
〉
,
Σ0 =
∣∣∣τ r67
2
,33
, Sym(67,66), Cℓ135,131, S2133 , P
2 = 1
〉
,
Σ− =
∣∣∣∣τ c67
2
,33
, Sym(67,66),
∗
C266, Sˆ2133 , P
2 = 1
〉
.
Φ2 :


P =
∣∣∣τ c59
2
,29
, Sym(59,58), C234, S2117 , P
2 = 1
〉
,
N =
∣∣∣τ r59
2
,29
, Sym(59,58), Cℓ119,115, S2117 , P
2 = 1
〉
.
∗
Φ2 :


Ξ− =
∣∣∣τ c71
2
,35
, Sym(71,70), C282, S2141 , P
2 = 1
〉
,
Ξ0 =
∣∣∣τ r71
2
,35
, Sym(71,70), Cℓ143,139, S2141 , P
2 = 1
〉
.
Φ0 : Λ =
∣∣∣τ r65
2
,32
, Sym(65,64), Cℓ131,127, S2129 , P
2 = 1
〉
.
Here Φ3 is the Σ-triplet considered in the section 4.3.2, Φ2 is the nucleon doublet defined in the
section 4.3.1.
∗
Φ2 is a Ξ-doublet, Φ0 is a Λ-singlet.
Ξ-doublet is constructed within the complex representation τ c75
2
,35
of the orbit O+mΞ with the
degree 5112, since mΞ/me ≈ 2520. This representation belongs to spin-1/2 line with positive
parity P 2 = 1 and acts in the space Sym(71,70). The algebra C282 ≃ C ⊗ Cℓ143,139 and complex
spinspace S2141 are associated with the state |e1〉 = Ξ
− in the spinor structure. The real subalgebra
Cℓ143,139 has the quaternionic division ring K ≃ H, type p−q ≡ 4 (mod 8), and, therefore, P
2 = 1.
The state |e2〉 = Ξ
0 is described by a real representation τ r75
2
,35
belonging also to spin-1/2 line
with the Clifford algebra Cℓ133,139 and a quaternionic spinspace S2141(H).
Λ-singlet is defined within the real representation τ r65
2
,32
of the orbit O+mΛ with the degree
4290, since mΛ/me ≈ 2140. This representation belongs to spin-1/2 line and acts in the space
Sym(65,64). The real algebra Cℓ131,127 (type p− q ≡ 4 (mod 8), K ≃ H, P
2 = 1) and quaternionic
spinspace S2129(H) are associated with the Λ-singlet in the underlying spinor structure.
Charge multiplets, considered above, compound eight-dimensional regular representation of
SU(3)13.
13At this point we do not use the quark structure of F1/2, since this structure is a derivative construction of
32
5.2 Octet B0
B0 is a bosonic supermultiplet of SU(3) containing mesons of the spin 0 with the negative parity
P 2 = −1. Hence it follows that all the particles of B0 are described by the vectors of the abstract
Hilbert space belonging to spin-0 line. In accordance with basic mass levels defined by the mass
formula (25), SU(3)/ SU(2)-reduction of the octet B0 leads to the following charge multiplets:
Φ3 :


pi+ =
∣∣τ c11,11, Sym(22,22), C88, S244 , P 2 = −1 〉 ,
pi0 =
∣∣τ r11,11, Sym(22,22), Cℓ45,43, S244 , P 2 = −1 〉 ,
pi− =
∣∣∣∣τ c11,11, Sym(22,22), ∗C88, Sˆ244 , P 2 = −1
〉
.
Φ2 :

 K
− =
∣∣∣τ c43
2
, 43
2
, Sym(43,43), C172, S286 , P
2 = −1
〉
,
K
0
=
∣∣∣τ r43
2
, 43
2
, Sym(43,43), Cˆℓ89,83, Sˆ286 , P
2 = −1
〉
.
∗
Φ2 :


K0 =
∣∣∣τ r43
2
, 43
2
, Sym(43,43), Cℓ89,83, S286 , P
2 = −1
〉
,
K+ =
∣∣∣∣τ c43
2
, 43
2
, Sym(43,43),
∗
C172, Sˆ286 , P
2 = −1
〉
.
Φ0 : η =
∣∣∣τ r45
2
, 45
2
, Sym(45,45), Cℓ46,44, S290 , P
2 = −1
〉
.
Here Φ3 is the pi-triplet considered in the section 4.3.3. Φ2 and
∗
Φ2 are K1- and K2-doublets, Φ0
is a η-singlet. Φ2 and
∗
Φ2 are particle-antiparticle counterparts with respect to each other.
The K1-doublet is constructed within the representation τ 43
2
, 43
2
of the orbit O+mK with the
degree 1936, since mK/me ≈ 972. This representation belongs to spin-0 line and acts in the space
Sym(43,43). The state |e1〉 =K
− is described by the complex representation τ c43
2
, 43
2
with the algebra
C172 ≃ C⊗Cℓ89,83 and complex spinspace S286 in the spinor structure. The real subalgebra Cℓ89,83
has the quaternionic division ring K ≃ H, type p − q ≡ 6 (mod 8), and, therefore, P 2 = −1. In
turn, the state |e2〉 = K
0
is described by the real representation τ r43
2
, 43
2
with the algebra Cℓ89,83
SU(3)-symmetry. The quark scheme in itself is a reformulation of SU(3) group representations in terms of tensor
products of the vectors of fundamental representations Sym0(1,0) and Sym
0
(0,1). So, quarks u, d, s are described
within Sym0(1,0), and antiquarks u, d, s within Sym
0
(0,1). Quarks and antiquarks have fractional charges Q and
hypercharges Y . The each hadron supermultiplet can be constructed from the quarks and antiquarks in the tensor
space Ck,r which corresponds to a standard representation of SU(3). The space Ck,r is a tensor product of k
spaces C3 and r spaces
∗
C3. The quark composition of a separate particle, belonging to a given supermultiplet of
SU(3), is constructed as follows. I-basis is constructed from the eigenvectors of Q and Y in the space of irreducible
representation of the given supermultiplet. These basis vectors present particles of the supermultiplet, the each of
them belongs to Ck,r and, therefore, is expressed via the polynomial on basis vectors e1, e2, e3 of C
3 and basis
vectors e˜1, e˜2, e˜3 of
∗
C3 with the degree k+ r. The substitution of e1, e2, e3, e˜1, e˜2, e˜3 by u, d, s, u, d, s leads to a
quark composition of the particle. It is assumed that quarks and antiquarks have the spin 1/2 (however, spin is an
external parameter with respect to SU(3)-theory). Hence it follows that a maximal spin of the particle, consisting
of k quarks and r antiquarks, is equal to (k+ r)/2. When k+ r is odd we have fermions and bosons when k + r is
even.
In this connection it is interesting to note that k+ r tensor products of C2 and
∗
C2 biquaternion algebras in (11),
which generate the underlying spinor structure, lead to a fermionic representation of Spin+(1, 3) when k + r is
odd and to a bosonic representation when k + r is even (see spin-lines considered in the section 2.1.1). Due to the
difference between dimensions of basic constituents in tensor products (n = 2 for spinors and n = 3 for quarks)
which define spinor and quark structures, we can assume that spinors are more fundamental than quarks.
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and the quaternionic spinspace S286(H). The K2-doublet has the same construction within the
representation τ 43
2
, 43
2
of the orbit O−mK .
The η-singlet is defined within the real representation τ r45
2
, 45
2
of the orbit O0mη with the degree
2116, since mη/me ≈ 1076. This representation belongs to spin-0 line and acts in Sym(45,45). Since
η-state presents a truly neutral particle (the orbit O0mη ∼ O
+
mη ≃ O
−
mη), then the real algebra
Cℓ46,44 with the real division ring K ≃ R (type p− q ≡ 2 (mod 8)) and real spinspace S290(R) are
associated with the η-singlet in the spinor structure.
5.3 Octet B1
The next supermultiplet of the group SU(3) in eightfold way is the octet B1. B1 describes mesons
of the spin 1 (vector bosons) with negative parity (P 2 = −1). In this case we see that all the
particles of B1 are defined by the vectors of H
S⊗HQ⊗H∞ belonging to spin-1 line. In accordance
with the mass formula (25), SU(3)/ SU(2)-reduction of the octet B1 leads to the following charge
multiplets:
Φ3 :


ρ− =
∣∣∣τ c55
2
, 53
2
, Sym(55,53), C216, S2108 , P
2 = −1
〉
,
ρ0 =
∣∣∣τ r55
2
, 53
2
, Sym(55,53), Cℓ109,107, S2108 , P
2 = −1
〉
,
ρ+ =
∣∣∣∣τ c53
2
, 55
2
, Sym(55,53),
∗
C216, Sˆ2108 , P
2 = −1
〉
.
Φ2 :


∗K− =
∣∣∣τ c59
2
, 57
2
, Sym(59,57), C232, S2116 , P
2 = −1
〉
,
∗K
0
=
∣∣∣τ r57
2
, 59
2
, Sym(57,59), Cˆℓ119,113, Sˆ2116 , P
2 = −1
〉
.
∗
Φ2 :


∗K0 =
∣∣∣τ r59
2
, 57
2
, Sym(59,57), Cℓ119,113, S2116 , P
2 = −1
〉
,
∗K+ =
∣∣∣∣τ c57
2
, 59
2
, Sym(57,59),
∗
C232, Sˆ2116 , P
2 = −1
〉
.
Φ0 : ϕ =
∣∣τ r28,27, Sym(56,54), Cℓ110,108, S2109 , P 2 = −1 〉 .
Here ρ-triplet is constructed within a representation τ 55
2
, 53
2
of the degree 3024, since mρ/me ≈
1496. This representation belongs to spin-1 line and acts in the space Sym(55,53). The state
|e1〉 = ρ
− is defined within the complex representation τ c55
2
, 53
2
of the orbit O+mρ with the associated
algebra C216 and complex spinspace S2108 . Analogously, the state |e3〉 = ρ
+ is defined within τ c53
2
, 55
2
of the orbit O−mρ with
∗
C216 and Sˆ2108 (the states |e1〉 = ρ
− and |e3〉 = ρ
+ are particle-antiparticle
counterparts with respect to each other). In its turn, the state |e2〉 = ρ
0 is defined within the
real representation τ r55
2
, 53
2
of the orbit O0mρ (truly neutral particle). In this case we have the real
Clifford algebra Cℓ109,107 with the real division ring K ≃ R, the type p − q ≡ 2 (mod 8), and,
therefore, P 2 = −1.
Further, ∗K1- and
∗K2-doublets are particle-antiparticle counterparts with respect to each
other. The ∗K1-doublet is constructed within τ 59
2
, 57
2
of the orbit O+m∗K with the degree 3480,
since m∗K/me ≈ 1747. τ 59
2
, 57
2
belongs to spin-1 line and acts in Sym(59,57). The state |e1〉 =
∗K−
is defined within the complex representation τ c59
2
, 57
2
with the associated algebra C232 ≃ C ⊗
Cℓ119,113 and complex spinspace S2116 in the spinor structure. The real subalgebra Cℓ119,113 has the
quaternionic division ring K ≃ H, type p − q ≡ 6 (mod 8) and, therefore, P 2 = −1. The state
|e2〉 =
∗K
0
of the ∗K1-doublet is described by the real representation τ
r
57
2
, 59
2
with the algebra
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Cˆℓ119,113 and quaternionic spinspace Sˆ2116(H). The
∗K2-doublet has the same construction within
the representation τ 59
2
, 57
2
of the orbit O−m∗K .
The ϕ-singlet is defined within the real representation τ r28,27 of the orbit O
0
mϕ (truly neutral
particle) with the degree 3135, since mϕ/me ≈ 1533. This representation belongs to spin-1 line
and acts in Sym(56,54). Since ϕ-state presents a truly neutral particle, then we have the real
spinspace S2109(R), and the associated algebra Cℓ110,108 has the real division ring K ≃ R, p− q ≡ 2
(mod 8).
In contrast with bosonic supermultiplets B0 and B1, the fermionic supermultiplet F1/2 has an
antiparticle counterpart F 1/2. Moreover, F1/2 and F 1/2 are coherent subspaces of H
S⊗HQ⊗H∞ on
the spin (s = 1/2) and parity (P 2 = 1). On the other hand, F1/2 and F 1/2 form different coherent
subspaces of HS ⊗HQ⊗H∞ with respect to baryon number. In turn, bosonic supermultiplets B0
and B1 are the same coherent subspaces of H
S ⊗ HQ ⊗ H∞ on the baryon number (B = 0) and
parity (P 2 = −1), whereas B0 and B1 are different coherent subspaces on the spin.
6 Mass spectrum
As is known, in SU(3)-theory a mass distribution of the particles in supermultiplets is described by
Gell-Mann–Okubo formula [60, 63]. According to the fundamental viewpoint, Gell-Mann–Okubo
mass formula is analogous to a Zeeman-effect description in atomic spectra [62].
As follows from a group theoretical description of Zeeman effect, an energy operator has the
form
H = H0 +H1, (55)
where
H1 = d
α
βH
β
α, (56)
and
dαβ = −
eh¯
2m
aαβ
is a magnetic moment of the particle, aαβ are Okubo operators of the representation of the group
SU(2) corresponding to an eigenvalue of H0. The field H
β
α is related with a homogeneous magnetic
field H = rotA by the following formulas:
H11 =
1
2
H3, H21 =
1
2
(
H1 + iH2
)
, H12 =
1
2
(
H1 − iH2
)
, H22 = −
1
2
H3.
In 1964, Okubo and Ryan [64] proposed to describe mass spectrum of the particles in any
supermultiplet of SU(3)-theory by the formula of type
m2 = m20 + δm
2. (57)
At this point, terms in (57) have the same properties as in (55). Namely, the operator m20 is
symmetric with respect to the group SU(3), and the operator δm2 has an expression of the type
(56). When
δm2
m20
≪ 1 (58)
is fulfilled, then in the decomposition
m = m0
(
1 +
δm2
m20
)1/2
= m0 +
1
2m0
δm2 + . . .
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we can remain only the first two terms:
m = m0 +
1
2m0
δm2. (59)
Further, by analogy with Zeeman effect the formula (57) can be written as
m2 = m20 +D
a
bZ
b
a,
where Dab (a, b = 1, 2, 3) is a tensor-operator of the unitary moment belonging to a regular rep-
resentation of the group SU(3), Zba is a tensor with the scalar components (so called ‘unitary
field’ which is analogous to external magnetic field in Zeeman effect) belonging also to a regular
representation of SU(3). m20 is proportional to the unit operator. In general, m0 is not described
by SU(3)-theory. It is an external parameter with respect to SU(3)-theory, and concrete value of
m0 depends on the selected supermultiplet of SU(3) (below we will show that m0 is defined by
the mass formula (25)). The unitary moment Dab is expressed via the Okubo operators A
a
b of the
same irreducible representation of SU(3) by the formula
Dab = λδ
a
b1+ µA
a
b + νA
a
cA
c
b + ρA
a
cA
c
dA
d
b + . . . ,
where λ, µ, ν, ρ are constants.
The unitary field14 has the form
Z = C

1/3 0 00 1/3 0
0 0 −2/3

+ C ′

2/3 0 00 −1/3 0
0 0 −1/3

 , (60)
where C ′ ≪ C. The first term in (60) splits the supermultiplet of SU(3) into I-multiplets of the
subgroup SU(2) with respect to different values of the hypercharge Y . The second term in (60)
generates a charge splitting of the I-multiplets. Hence it follows that
m2 = m20 + δm
2 + δm2
′
, (61)
δm2 = ξA33 + ηA
3
cA
c
3, (62)
δm2
′
= ξ′A11 + η
′A1cA
c
1, (63)
where
ξ′ = θξ, η′ = θη, |θ| ≪ 1.
Expressing the operator of hypercharge mass splitting δm2 (62) and the operator of charge splitting
δm2
′
via Casimir operators of SU(3) and substituting the results to (61), we come to a well-known
Gell-Mann–Okubo mass formula
m2 = m20 + α + βY + γ
[
I(I + 1)−
1
4
Y 2
]
+ α′ − β ′Q+ γ′
[
U(U + 1)−
1
4
Q2
]
, (64)
where
α′
α
=
β ′
β
=
γ′
γ
= θ, |θ| ≪ 1.
14The physical sense of the unitary field is unknown (see [62]). The field Zba is not one and the same for the all
supermultiplets of SU(3)-theory. However, Z-fields of different supermultiplets are distinguished by only two real
parameters. Z-field of type (60) takes place also at the SU(6)/ SU(3)-reduction in the flavor-spin SU(6)-theory.
In some sense, Z-field can be identified with a nonlocal quantum substrate in the decoherence theory [65]. In this
context Z-field can be understood as a mathematical description of the decoherence process (localization) of the
particles, that is, it is a reduction of the initial quantum substrate into localized particles at the given energy level.
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In the case when the condition (58) is fulfilled, the quadratic mass formula (57) can be replaced
by the linear mass formula (59) and from (64) we have
m = m0 + α + βY + γ
[
I(I + 1)−
1
4
Y 2
]
+ α′ − β ′Q+ γ′
[
U(U + 1)−
1
4
Q2
]
, (65)
Let us consider in details mass splitting of the supermultiplets F1/2, B0 and B1.
6.1 Octet F1/2
First of all, we consider the mass splitting of F1/2 into multiplets of SU(2) defined by the first
term (62) in (61). In this case the unitary field has the form
Z = C

1/3 0 00 1/3 0
0 0 −2/3


and we can use the linear formula (65) at α′ = β ′ = γ′ = 0:
m = m0 + α + βY + γ
[
I(I + 1)−
1
4
Y 2
]
. (66)
Since at this step we neglect the mass splitting within multiplets, therefore, from (66) we obtain
particle masses containing in the Tab. 3.
I Y mexp mth
Ξ 1
2
−1 1318 m0 + α− β +
1
2
γ
Σ 1 0 1192 m0 + α + 2γ
Λ 0 0 1115 m0 + α
N 1
2
1 939 m0 + α + β +
1
2
γ
Tab. 3: The hypercharge mass splitting of the octet
F1/2.
In the Tab. 3N is the nucleon doublet (N+ = P,N 0 = N), and Σ-triplet, Ξ- andN -doublets are
defined as in the section 6.1. Excluding unknown parameters, we come to the following relations
between masses:
mΞ +mN = 2m0 + 2α+ γ =
3
2
mΛ +
1
2
mσ, mΞ +mN =
1
2
(3mΛ +mΣ).
On the other hand, since m0 is the external parameter with respect to SU(3)-theory we assume
that m0 is described by the mass formula (25) which defines a relation between the mass and
spin. Within the supermultiplet of SU(3) the parameter m0 is an average value of the all masses
corresponding to charge multiplets. In case of the baryon octet F1/2 we have
m0 =
1
4
(mN +mΛ +mΣ +mΞ),
where basic mass terms mN , mΛ, mΣ, mΞ are defined by the mass formula (25).
Coming to charge splitting of F1/2, defined by the second term (63) in (61), we use the full
linear formula (65). In this case the unitary field is described by (60). Taking into account values
of the U -spin, we calculate theoretical masses of the all particles belonging to the baryon octet
F1/2. The results are given in the Tab. 4.
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Q mexp mth
Ξ− −1 1320, 8 m0 + α− β +
1
2
γ + α′ + β ′ + 1
2
γ′
Ξ0 0 1314, 3 m0 + α− β +
1
2
γ + α′ + 2γ′
Σ− −1 1197, 1 m0 + α + 2γ + α
′ + β ′ + 1
2
γ′
Σ0 0 1192, 4 m0 + α + 2γ + α
′ + 2γ′
Σ+ 1 1189, 4 m0 + α + 2γ + α
′ − β ′ + 1
2
γ′
Λ 0 1115, 4 m0 + α + α
′
N 0 939, 5 m0 + α + β +
1
2
γ + α′ + 2γ′
P 1 938, 3 m0 + α + β +
1
2
γ + α′ − β ′ + 2γ′
Tab. 4: The charge splitting of the octet F1/2.
6.2 Octet B0
Let us consider now the first bosonic octet B0. B0 describes mesons of the spin 0. As in the case
of F1/2, the octet B0 is defined within the regular representation Sym
0
(1,1), but in contrast to F1/2
the condition (58) is not fulfilled in the case of B0. Therefore, we must use here the quadratic
Gell-Mann–Okubo mass formula (64). At the first step we have the hypercharge mass splitting of
B0 into multiplets of SU(2) defined by the quadratic formula (64) at α
′ = β ′ = γ′ = 0:
m2 = m20 + α + βY + γ
[
I(I + 1)−
1
4
Y
]
. (67)
For the octet B0 at this step we have the Tab. 5.
I Y mexp mth
η 0 0 549 m20 + α
K1 =
(
K−,K
0
)
1
2
−1 496 m20 + α− β +
1
2
γ
K2 =
(
K0,K+
)
1
2
1 496 m20 + α + β +
1
2
γ
pi 1 0 138 m20 + α + 2γ
Tab. 5: The hypercharge mass splitting of the octet B0.
The charge multiplets K1 and K2 contain particles and, correspondingly, their antiparticles.
Therefore, masses of these multiplets should be equal to each other. Hence it follows that β = 0.
From the Tab. 5 we have
m2π −m
2
η = 2γ, m
2
K −m
2
η =
1
2
γ.
Whence
3m2η +m
2
π = 4m
2
K .
As in the case of F1/2, the external parameter m0 is described by the mass formula (25). In the
case of B0 we have
m20 =
1
4
(
2m2K +m
2
η +m
2π
)
.
Further, coming to charge splitting of B0, defined by the second term (63) in (61), we use the
full quadratic formula (64). Taking into account values of the U -spin, we calculate theoretical
masses of the all particles belonging to the meson octet B0 (see Tab. 6).
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Q mexp mth
η 0 548, 7 m20 + α + α
′
K− −1 493, 8 m20 + α +
1
2
γ + α′ + β ′ + 1
2
γ′
K
0
0 498, 0 m20 + α +
1
2
γ + α′ + 3
4
γ′
K0 0 498, 0 m20 + α +
1
2
γ + α′ + 3
4
γ′
K+ 1 493, 8 m20 + α +
1
2
γ + α′ − β ′ + 1
2
γ′
pi− −1 139, 6 m20 + α + 2γ + α
′ + β ′ + 7
4
γ′
pi0 0 135, 0 m20 + α + 2γ + α
′ + 2γ′
pi+ 1 139, 6 m20 + α + 2γ + α
′ − β ′ + 7
4
γ′
Tab. 6: The charge splitting of the octet B0.
6.3 Octet B1
The next bosonic octet B1 describes mesons of the spin 1 (vector bosons). As in the case of B0, the
condition (58) is not fulfilled for the octet B1. Therefore, in this case we must use the quadratic
formula (64). The hypercharge splitting of B1 into multiplets of SU(2) is defined by the formula
(67). For the octet B1 at this step we have the Tab. 7.
I Y mexp mth
∗K1 =
(
∗K−, ∗K
0
)
1
2
−1 892 m20 + α− β +
1
2
γ
∗K2 =
(
∗K0, ∗K
+
)
1
2
1 892 m20 + α + β +
1
2
γ
ϕ 0 0 782 m20 + α
ρ 1 0 770 m20 + α + 2γ
Tab. 7: The hypercharge mass splitting of the octet B1.
As in the case of the octet B0, the charge doublets
∗K1 and
∗K2 contain particles and, corre-
spondingly, their antiparticles. Therefore, β = 0. From the Tab. 7 we have
m2ρ −m
2
ϕ = 2γ, m
2
∗K −m
2
ϕ =
1
2
γ
and
3m2ϕ +m
2
ρ = 4m
2
∗K .
For the external parameter m0 we have
m20 =
1
4
(
2m2∗K +m
2
ϕ +m
2
ρ
)
.
The charge splitting of B1 leads to the Tab. 8.
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Q mexp mth
ϕ 0 782 m20 + α + α
′
∗K− −1 891, 66 m20 + α +
1
2
γ + α′ + β ′ + 1
2
γ′
∗K
0
0 895, 81 m20 + α +
1
2
γ + α′ + 3
4
γ′
∗K0 0 895, 81 m20 + α +
1
2
γ + α′ + 3
4
γ′
∗K+ 1 891, 66 m20 + α +
1
2
γ + α′ − β ′ + 1
2
γ′
ρ− −1 766, 5 m20 + α + 2γ + α
′ + β ′ + 7
4
γ′
ρ0 0 769 m20 + α + 2γ + α
′ + 2γ′
ρ+ 1 766, 5 m20 + α + 2γ + α
′ − β ′ + 7
4
γ′
Tab. 8: The charge splitting of the octet B1.
7 Summary
We have presented a group theoretical approach for unification of spinor structure and internal
symmetries based on the generalized definition of the spin and abstract Hilbert space. The main
idea of this description is a correspondence between Wigner interpretation of elementary particles
and quark phenomenologies of SU(N)-models. This correspondence is realized on the ground of the
abstract Hilbert spaceHS⊗HQ⊗H∞. This description allows one to take a new look at the problem
of mass spectrum of elementary particles. Complex momentum and underlying spinor structure
play an essential role in this description. Complex momentum presents itself a quantum mechanical
energy operator which generates basic energy levels described by the irreducible representations
of the group SL(2,C) (the group Spin+(1, 3) in the spinor structure). Basic energy (mass) levels
correspond to elementary particles which grouped into spin multiplets according to interlocking
schemes and defined as vectors in the space HS⊗HQ⊗H∞. The following mass (hypercharge and
charge) splitting of the basic mass levels is generated by the action of SU(3) in HS⊗HQ⊗H∞. The
action of SU(3) is analogous to Zeeman effect in atomic spectra and by means of SU(3)/ SU(2)
supermultiplet reductions it leads to different mass levels within charge multiplets. Schematically,
mass spectrum of a given supermultiplet of SU(3) in the SU(3)/ SU(2)-reduction can be defined
as follows. Basic mass levels are described by the formula
m
(s)
i = µ
0
(
l +
1
2
)(
l˙ +
1
2
)
, i = 1, . . . , N,
where s = |l − l˙|, µ0 is a minimal rest mass, N is a number of charge multiplets of SU(2) in the
given supermultiplet of the group SU(3). Masses of particles belonging to the supermultiplet are
mj = m0+α+βYj+ γ
[
Ij(Ij + 1)−
1
4
Y 2j
]
+α′−β ′Qj + γ
′
[
Uj(Uj + 1)−
1
4
Q2j
]
, j = 1, . . . , M,
where
m0 ≡
m
(s)
1 +m
(s)
2 + . . . +m
(s)
N
N
,
M is a number of particles incoming to the given supermultiplet, Qj and Yj are charges and
hypercharges of the particles, Ij and Uj are isotopic spins.
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At this point, all the quark phenomenology of SU(3)-model is included naturally into this more
general framework. It is of interest to consider SU(4) quark model within this scheme (mainly
with respect to charmed baryons). However, as it mentioned in Introduction, SU(5) and SU(6)
flavor symmetries are strongly broken due to large masses of b and t quarks. For that reason
multiplets of flavor SU(5)- and SU(6)-models are not observed in nature. On the other hand,
we have a wide variety of hypermultiplets in the flavor-spin SU(6)-theory. It is of great interest
to consider SU(6)/ SU(3) and SU(6)/ SU(4) hypermultiplet reductions within presented scheme,
where SU(4) is a Wigner subgroup. It is of interest also to consider SU(6)⊗O(3) model.
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